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Introduction

In 1949 A. Weil [W] conjectured the existence of remarkable relations between
the cohomological structure of algebraic varieties over the complex numbers
and the Diophantine structure of algebraic varieties over finite fields. One of
these conjectures was the Riemann hypothesis for varieties over a finite field. P.
Deligne proved the Weil conjectures in 1974, a result for which he was awarded
a Fields Medal in 1978 (see [K]). This result was an achievement of the new
foundation of algebraic geometry begun by A. Grothendieck and his school in
the 1960’s.

Grothendieck had foreseen in the 1960’s that establishing the Weil conjec-
tures for projective non-singular varieties over finite fields would have had im-
portant consequences for the cohomological structure of arbitrary varieties over
the complex numbers, via the comparison of Artin-Grothendieck cohomology
and classical cohomology. This was formulated in his “Yoga of weights” and his
conjectural theory of motives, which intends to unify all cohomology theories.
Deligne developed this philosophy concerning cohomology theories for algebraic
varieties in his visionary article Théorie de Hodge I ([HI]), published in 1970.
He gives there a heuristic comparison dictionary between statements in �-adic
cohomology and statements in Hodge theory, and explains how mixed Hodge
structures over C are the analogue of Galois modules, endowed with the weight
filtration defined by the magnitude of the eigenvalues of Frobenius endomor-
phism, which appears in �-adic cohomology. This leads to the expectation that
the cohomology of every algebraic variety over C carries a natural mixed Hodge
structure.

A mixed Hodge structure consists of data (H, W, F ) where H is a finitely
generated abelian group, the weight filtration W is an increasing filtration of
H ⊗ Q, and the Hodge filtration F is a decreasing filtration of H ⊗ C such
that F induces for each n a decomposition Grn

W (H ⊗ C) = ⊕p+q=nHp,q with
Hp,q = Hq,p. By classical Hodge theory, if X is a projective (or more generally
a compact Kähler) manifold, then the cohomology Hi(X, Z) carries a Hodge
structure which is pure of weight i, i.e.,with Wj = 0 for j < i and Wi =
Hi(X, Q). The morphisms of mixed Hodge structures are asked to be compatible
with the weight filtration and the Hodge filtration. Deligne shows that mixed
Hodge structures form an abelian category. Moreover, he proves that the weight
filtration and the Hodge filtration are extremely stable, in the sense that both
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are strictly preserved under morphisms (see [HII]).
In the late 1960’s and early 1970’s Deligne developed independently of the

Weil conjectures the complete theory of the weight filtration for complex al-
gebraic varieties. He achieved this by making systematic use of Hironaka’s
resolution of singularities, of the theory of differential forms with logarithmic
poles and his own theory of cohomological descent (see [HI], [HII] and [HIII]).
The main result of Deligne’s fundamental article Théorie de Hodge III ([HIII])
is the construction of a natural mixed Hodge structure on the cohomology of any
algebraic variety over C. Moreover any morphism of algebraic varieties induces
a morphism of mixed Hodge structures. Roughly speaking, the weight filtration
expresses how the cohomology of a complex algebraic variety can be built up in
terms of the cohomology of non-singular projective varieties. The mixed Hodge
theory of Deligne should be seen as a far-reaching generalization of the classical
theory of “differentials of the second kind” (see [HII]) as well as Hodge theory.

The key point for endowing cohomology groups H• with a mixed Hodge
structure is to construct a spectral sequence E which abuts to H•, such that
each Ep,q

r carries a natural pure Hodge structure of weight q and all differentials
dr : Ep,q

r → Ep+r,q−r+1
r are morphisms of Hodge structures. The vanishing of

dr for r ≥ 2 is a consequence of the following elementary fact (see the “scholie”
in [HI] p. 427): Let H and H ′ be Hodge structures of weight n and n′, with
n > n′, and let f : H → H ′ be a homomorphism such that f : H ⊗C→ H ′⊗C

respects the Hodge filtration F ; then f = 0. The weight filtration on H• is then
defined as that of the abutment of E. This program is achieved via the concept
of (mixed) Hodge complex, introduced by Deligne in [HIII]. It is motivated
by an algebraic reformulation of the Hodge decomposition for compact Kähler
manifolds in terms of the hypercohomology of some complexes of sheaves. The
core of the theory of Deligne is in [HII]. There he develops homological alge-
bra techniques dealing with a complex endowed with two filtrations and several
spectral sequences naturally associated to this situation. This study reveals
abstract properties ensuring that several hypercohomology groups of a mixed
Hodge complex of sheaves yield a mixed Hodge structure. This is expressed
formally in the Fundamental Theorem (Theorem 4.10 in this survey). As a
consequence, we have the following crucial general principle: In order to get a
mixed Hodge structure on hypercohomology of some geometric object, it suf-
fices to construct a suitable mixed Hodge complex of sheaves on this object.
This principle has been applied with a lot of success in the 1970’s by Steen-
brink ([St1],[St2]), to endow the groups of vanishing cycles with a mixed Hodge
structure. In the local case, it leads to powerful invariants of hypersurfaces with
isolated singularities: for instance, the spectrum of the singularity (see [St2]).

The present survey contains four sections.
The formal aspects of Hodge theory, namely the definitions of Hodge struc-

tures and mixed Hodge structures, are treated in Section 1.
Section 2 introduces varieties with normal crossings whose components are

compact Kähler manifolds. They are the simplest example of singular varieties
that carry a natural mixed Hodge structure, coming from the Hodge structures
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of each component. We follow [GS] and present ideas of the general theory
in an “elementary” way that tries to stay as close as possible to the spirit of
classical Hodge theory. The constant complex sheaf is replaced by a double
complex, associated to the combinatorics of a variety with normal crossings,
from which the weight and the Hodge filtrations are easily deduced. To link
the cohomology of the total double complex with the cohomology of its rows, a
powerful algebraic tool is needed: the spectral sequence of a filtered complex,
which is described in detail.

Section 3 contains a detailed exposition of the construction of a natural
mixed Hodge structure on the cohomology of a smooth quasi-projective algebraic
variety, as given by Deligne in [HII]. The construction, essentially algebraic, is
based on one hand on Hodge theory, and on the other hand on Hironaka’s
resolution of singularities. In this way it is possible to express the cohomology
of a smooth quasi-projective variety in terms of the cohomology of smooth
projective varieties, by means of spectral sequences.

In Section 4 we give the proof of the Fundamental Theorem of Deligne. It
is a consequence of sophisticated facts concerning a complex endowed with two
filtrations when considering several spectral sequences.

1 Hodge structures

1.1 Pure Hodge structures

The prototype of a Hodge structure is the cohomology of a compact Kähler
manifold. A Kähler manifold is a complex hermitian manifold such that the
associated metric form is closed. Examples are given by any projective mani-
fold equipped with its Fubini-Study metric. The condition on the metric has
deep consequences on the geometry of the manifold. If X is a compact Kähler
manifold and Hp,q(X) is the space of cohomology classes of differential forms
whose harmonic representative is of type (p, q), then the Hodge decomposition
theorem (see e.g. [GH]) gives the following direct sum decomposition of the de
Rham cohomology:

Hn
DR(X, C) =

⊕
p+q=n

Hp,q(X)

and moreover Hq,p(X) = Hp,q(X). According to the formalism of Deligne
([HII], [HIII]) this is a Hodge structure of weight n.

Definition 1.1. Let HR be a R-vector space of finite dimension over R, denote
by H = HR ⊗R C the complexification of HR.
A Hodge structure of weight n on H is a given lattice HZ ⊂ HC plus a decom-
position H =

⊕
p+q=n

Hp,q with Hq,p = Hp,q.

By convention Hp,q = 0 if p + q �= n.

Remark 1.2. The lattice can be replaced by a Q- (resp. R-) vector space. In
this case we have a rational (resp. a real) Hodge structure on H . In the case of
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a real Hodge structure the only condition to be fulfilled is on the decomposition.
In the definition we can ask that HZ is an abelian group and H its complexifi-
cation. This is only apparently more general, because torsion is not important
in the study of Hodge structures.

Definition 1.3. A map ϕ : H −→ H ′ between two complex spaces endowed
with Hodge structure is a morphism of Hodge structures if ϕ(HZ) ⊂ H ′

Z and
ϕ(Hp,q) ⊂ H ′p,q ∀p, q.

Definition 1.4. A map ϕ : H −→ H ′ between two complex spaces endowed
with Hodge structure is a morphism of Hodge structures of type (r, r) if ϕ(HZ) ⊂
H ′

Z and ϕ(Hp,q) ⊂ H ′p+r,q+r ∀p, q.

If the weight of H ′ does not equal the weight of H plus 2r, the only mor-
phism of type (r, r) is the 0 morphism.

There is an alternative definition of Hodge structure. The choice of a decom-
position is equivalent to the choice of the decreasing filtration (called Hodge
filtration)

H ⊃ · · · ⊃ F p+1 ⊃ F p ⊃ F p−1 ⊃ · · · ⊃ (0)

defined by F p =
⊕
i≤p

Hi,m−i. Then Hp,q = F p ∩F q yields the original decompo-

sition.
Conversely, any decreasing filtration verifying the condition F p ⊕Fm−p+1 ∼= H
∀p ∈ Z is the Hodge filtration of some Hodge structure of weight m.

So there is an equivalence between Hodge structures and Hodge filtrations.
A morphism af Hodge structures ϕ : H −→ H ′ of type (r, r) is a linear map
preserving the lattice and such that ϕ(F p) ⊂ F ′p+r. Actually, a morphism of
Hodge structures strictly preserves the filtration F , i.e.,

ϕ(F p) = F ′p+r ∩ Im(ϕ) ∀p.

1.2 Mixed Hodge structures

We introduce now more formal objects of Hodge theory, namely the mixed
Hodge structures. We follow here the formalism introduced by Deligne in [HII],
[HIII]. The Deligne splittings play a key role as they allow to prove strictness of
morphisms of mixed Hodge structures and to show that the category of mixed
Hodge structures is abelian.

Definition 1.5. Let HR be a real vector space of finite dimension, and H =
HR ⊗R C.
A mixed Hodge structure on H consists of:

- a given lattice HZ ⊂ H ;

- an increasing filtration

(0) ⊂ · · · ⊂Wm−1 ⊂Wm ⊂Wm ⊂ · · · ⊂ H,
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rationally defined (i.e., it is the extension of a filtration on HQ = HZ⊗Q),
called weight filtration;

- a decreasing filtration

H ⊃ · · · ⊃ F p+1 ⊃ F p ⊃ F p−1 ⊃ · · · ⊃ (0)

called Hodge filtration;

such that the two filtrations verify the condition
(*) ∀m the filtration induced by {F p} on the graded GrW

m = Wm/Wm−1 defines
a Hodge structure on H of weight m.

The general element of the induced filtration is F p GrW
m = (Wm∩F p)/Wm−1.

An easy example of mixed Hodge structure is the direct sum of pure Hodge
structures.

Definition 1.6. {H, Wm, F p}, {H, W ′
m, F ′p} mixed Hodge structures.

A C-linear map ϕ : H −→ H ′ is a morphism of mixed Hodge structures if
ϕ(HZ)) ⊂ H ′

Z, ϕ(Wm) ⊂W ′
m+2r, ϕ(F p) ⊂ F ′p+r.

A morphism of mixed Hodge structures induces a mapping

Grm(ϕ) : GrW
m −→ GrW ′

m+2r

which is a morphism of Hodge structures.

Lemma 1.7 ([HII]). A morphism of mixed Hodge structures is strictly com-
patible with both the weight filtration and the Hodge filtration.

Sketch of proof. There exists a common splitting {Ip,q} of Hodge and weight
filtration, such that

1. F p =
⊕

q,r≥p

Ir,q;

2. Wm =
⊕

p+q≤m

Ip,q;

3. Ip,q = Iq,p mod
⊕

r≤p−1
s≤q−1

Ir,s,

and this splitting is unique. This is a theorem (Deligne, Cattani-Kaplan, 1982).
If Ip,q = Iq,p, then H splits over R, i.e., it is the direct sum of Hodge structures.
Deligne proves Lemma 1.7 by giving the formula for Ip,q, but he does not show its
uniqueness. This definition satisfies the first two conditions and ϕ(Ip,q) ⊂ I ′p,q

(functoriality) obviously.

An important property we will use in the sequel is the following.

Theorem 1.8 ([HII]). The category of mixed Hodge structures is abelian.

Proof. See [HII]. The proof is accomplished by constructing a mixed Hodge
structure on kernels and cokernels of morphisms of mixed Hodge structures, via
Deligne splittings.
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2 Varieties with normal crossings

Let V be a compact complex analytic space of dimension n, verifying

∀x ∈ V, ∃U, x ∈ U ⊂
open

V, ∃k, 1 ≤ k ≤ n,

U ∼= {(z1, . . . , zn+1) ∈ Cn+1 : z1 z2 · · · zk = 0, |zi| < ε, i = 1, . . . , n + 1} (*)

and V = D1 ∪ · · · ∪DN , where the Di are compact Kähler manifolds inter-
secting transversally as (*) (normal crossing condition). Such a complex space
is called a variety with normal crossings.

There exists a functorial mixed Hodge structure on the cohomology groups
of a variety with normal crossings. In this section we follow the point of view
of the article of Griffiths and Schmid [GS], which stays as close as possible to
classical Hodge theory. There is a natural way to associate to a variety with
normal crossings a double complex endowed with a Hodge filtration and a weight
filtration. The spectral sequence associated to the weight filtration degenerates
at rank 2. In other words the differentials dr are zero for r ≥ 2. It is proved by an
explicit computation using the zig-zag principle in a double complex (see [BT])
and the principle of two types for differential forms (see [GS]). The fundamental
point is that the differentials of the spectral sequence are morphisms of Hodge
structures.

Theorem 2.1. Let V a variety with normal crossings, V = D1∪· · ·∪DN . Then
Hk(V, C) carries a functorial mixed Hodge structure. The weights of Hk(V, C)
vary from 0 to k.

Remark 2.2. The claim is actually true even for rational coefficients.
In order to prove Theorem 2.1, we need to construct a filtration W on

Hk(V, C) verifying

(0) = W0 ⊂W1 ⊂ · · · ⊂Wk = Hk(V, C).

2.1 De Rham complex

When V = D1 ∪ · · · ∪DN , there is a natural way of decomposing V .
∀I = {i1, . . . , iq} ⊂ {1, . . . , N} we set DI = Di1 ∩ · · · ∩Diq .
For fixed q,

D[q] =
⊔

1≤i1<···<iq≤N

Di1,...,iq .

For instance, let V = D1 ∪ D2 ∪ D3, where D1, D2, D3 are three planes
meeting in a point. Then:
D[1] = D1 �D2 �D3 is the union of three disjoint planes,
D[2] = D12 � D13 �D23 is the disjoint union of the three lines of intersection
between pairs of planes;
D[3] = D1 ∩D2 ∩D3 = {∗} is the intersection point.

Let us denote by A•(D[q]) the De Rham complex of C∞-forms on D[q].
Let Ap,q = Ap(D[q+1]) � ϕ, ϕ =

∑
|I|=q+1 ϕI , ϕI ∈ Ap(DI).
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There is a standard C-linear map δ : Ap,q −→ Ap,q+1,
δϕ =

∑
|J|=q+2(δϕ)J , J = {j1, . . . , jq+2}, 1 ≤ j1 < · · · < jq+2 ≤ N ,

(δϕ)J :=
∑

l=1,...,q+2(−1)lϕj1,...,ĵl,...,jq+2
|DJ .

The definition immediately implies that δ2 = 0 holds. We have a double complex
{A•,•, d, δ}

Ap,q+1 d−−−−→ Ap+1,q+1⏐⏐�δ

⏐⏐�δ

Ap,q d−−−−→ Ap+1,q

where d is the exterior derivative multiplied by the factor (−1)q, so that⎧⎨
⎩

δ2 = 0
d2 = 0
dδ + δd = 0

hold.
This double complex can be associated to any variety V with normal cross-

ings. There is a Hodge structure arising from each row of it. We can use
those Hodge structures in order to give a Hodge structure to H•(V, C). For this
purpose we need to introduce a powerful algebraic tool of homological algebra,
the spectral sequence associated to a double complex, or, more generally, the
spectral sequence of a filtered complex.

2.2 Spectral sequences

Definition 2.3. A double complex of A-modules is a family K = {Kp,q}p,q∈Z

of A-modules, with differential operators

d′ : Kp,q −→ Kp+1,q,

d′′ : Kp,q −→ Kp,q+1,

satisfying ⎧⎨
⎩

d′2 = 0
d′′2 = 0
d′d′′ + d′′d′ = 0.

To a double complex we can always associate a simple complex (s(K), d),
defined as follows:

s(K)i =
⊕

p+q=i

Kp,q,

d : s(K)i −→ s(K)i+1,

d = d′ + d′′.

We can associate to K two subcomplexes (′K, d′), (′′K, d′′), where

′Kn =
⊕

q

Kn,q, ′′Kn =
⊕

p

Kp,n.
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There is a canonical identification

Hn(′K, d′) =
⊕

q

Hn(K•,q, d′)

and analogously
Hn(′′K, d′′) =

⊕
p

(Kp,•, d′′).

Let us consider (K•,q, d′). Then we can consider also

d′′ : Kp,q −→ Kp,q+1.

This is not a map of complexes, because there is no compatibility with d′. But
it gives a well-defined map at the cohomology level,

d′′∗ : Hp(K•,q, d′) −→ Hp+1(K•,q, d′),

satisfying (d′′∗)2 = 0. This proves that (Hp(K•,q, d′), d′′∗) is a differential com-
plex. We want to compute its cohomology, Hq((Hp(K•,q, d′), d′′∗).

An analogous construction can be done starting from (Kp,•, d′′) and d′. We
can construct Hp(Hq(Kp,•, d′′), d′∗). Our aim is to investigate the relation be-
tween them. For what follows, our references are Deligne ([HII],[HIII], see also
the appendix of [PS]) and Godement [G]. Take care that the notations of Deligne
and Godement are different. We will follow those of Deligne.

Let (K•, d) be a complex of A-modules, equipped with a decreasing filtration
{F p(K•)}p∈Z, such that F−∞ :=

⋃
p F p(K•) = K•, F∞ :=

⋂
p F p(K•) = (0).

This means we have a decreasing family of subcomplexes K• ⊃ · · · ⊃ F p(K•) ⊃
F p+1(K•) ⊃ · · · ⊃ (0).

For later use, we will suppose this to be a biregular filtration, i.e., that
{F i(Kp)}i∈Z is finite for all p ∈ Z.

Definition 2.4. The spectral sequence associated to the filtration F p(K•) is
defined by

Zp,q
r = ker(d : F pKp+q → Kp+q+1/F p+rKp+q+1)

Bp,q
r = F p+1Kp+q + d(F p−r+1Kp+q−1)

Ep,q
r = Zp,q

r /(Zp,q
r ∩Bp,q

r ).

Remark 2.5. We are working with A-modules but of course the definition of
spectral sequence makes sense in any abelian category.

The differential d of K• induces ∀r homomorphisms

dr : Ep,q
r −→ Ep+r,q−r+1

r

called differentials of the spectral sequence.
Computation shows that Er+1 is the cohomology of the complex

Ep,q
r+1 = H(Ep−r,q+r−1

r
dr−→ Ep,q

r
dr−→ Ep+r,q−r+1

r ).
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In some sense this is a recursive way of computing cohomology!
The definition of Ep,q

r makes sense also for r =∞.{
F−∞(K•) = K•

F∞(K•) = (0)

Zp,q
∞ = ker(d : F pKp+q → Kp+q+1)

Bp,q
∞ = F p+1Kp+q + d(Kp+q−1)

Ep,q
∞ = Zp,q

∞ /Bp,q
∞ .

Notice that F induces a decreasing filtration on the cohomology Hn(K•)
∀n. Indeed, the inclusion

i : F p(K•) ↪→ K•

as a morphism of complexes yields a map

Hn(i) : Hn(F p(K•)) −→ Hn(K•)

which is in general no longer an injection.
Then the filtration on the cohomology group is defined by

F p(Hn(K•)) = Im(Hn(i))

and computation shows that E∞ is the graded with respect to that filtration,

Ep,q
∞ = Grp

F Hp+q(K•).

This is usually expressed by the sentence the spectral sequence converges (or
abuts) to the filtered cohomology of K•. There is a special notation for that,

Ep,q
r ⇒ Hp+q(K•).

As F is biregular, for every p, q there is an index r = r(p, q) such that
Zp,q

r = Zp,q
r+1 = · · · = Zp,q

∞ , Bp,q
r = Bp,q

r+1 = · · · = Bp,q
∞ . As a consequence, also

Ep,q
r = Ep,q

r+1 = · · · = Ep,q∞ holds.

Definition 2.6. If there is an integer r such that for all p, q Ep,q
r = Ep,q

r+1 =
· · · = Ep,q

∞ then the spectral sequence {Ep,q
• } is said to degenerate at r.

Notice that the spectral sequence degenerates ot r if and only if ds = 0 ∀s ≥
r.

As an example we will calculate now the first terms E0, E1, E2 of the spectral
sequence.

Ep,q
0 = Zp,q

0 /Bp,q
0 ∩ Zp,q

0

Zp,q
0 = ker(d : F pKp+q −→ Kp+q+1/F pKp+q+1) = F pKp+q

because d is compatible with the filtration.

Bp,q
0 = F p+1Kp+q + d(F p+1Kp+q−1) = F p+1Kp+q
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So
Ep,q

0 = F pKp+q/F p+1Kp+q = Grp
F Kp+q.

d0 : Ep,q
0 −→ Ep,q+1

0 is the map induced by d : Kp −→ Kp+1.

Ep,q
1 = Hp+q(Ep,•

0 , d0) = Hp+q(Grp
F K•)

Ep,q
2 = H ( Ep−1,q

1
d1−−−−→ Ep,q

1
d1−−−−→ Ep+1,q

1 )
|| || ||

Hp+q−1(Grp−1
F K•) Hp+q(Grp

F K•) Hp+q+1(Grp+1
F K•)

Now, there is the exact sequence of complexes

0→F p+1(K•)/F p+2(K•)→ F p(K•)/F p+2(K•)→F p(K•)/F p+1(K•)→ 0
|| ||

Grp+1
F K• Grp

F K•

If we consider the induced long exact sequence in cohomology we find a con-
necting homomorphism

· · · −→ Hp+q(Grp
F (K•)) ∂−−−→ Hp+q+1(Grp+1

F (K•)) −→ · · ·
and computation shows that ∂ = d1.

A special case of spectral sequence is the spectral sequence of a double com-
plex {K•,•, d′, d′′}. In this case we have two spectral sequences, associated to
the two natural filtrations

′F : ′F p =
⊕

r,s∈Z
r≥p

Kr,s,

′′F : ′′F q =
⊕
r,s∈Z
s≥q

Kr,s.

We will restrict to the case of first quadrant sequences, i.e., we will suppose
Kp,q = 0 ∀p < 0, q < 0. Thus ′F,′′ F induce biregular filtrations (which we will
denote also by ′F,′′ F ) on the simple complex (s(K•), d) associated to K.

′F p((s(K•)n)) =
⊕

r+s=n
r≥p

Kr,s

The complex (s(K•),′ F ) is a filtered complex with spectral sequence ′E such
that

′Ep,q
1 = Hp+q(Grp

′F K•) = Hq(Kp,•, d′′),

where (Kp,•)q = Kp,q and equalities

(Grp
′F K•)q = Kp,q−p, Grp

′F K• = Kp,•−p
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hold, so that Grp
′F K• can be considered as the “shift” Kp,•[−p].

′Ep,q
2 = Hp(Hq(K•,•, d′′), d′∗)

Analogously the filtration ′′F yields a spectral sequence ′′E verifying

′′Ep,q
2 = Hq(Hp(K•,•, d′), d′′∗).

Since now we have considered only the spectral sequences associated to a
filtered complez with a decreasing filtration. There is a natural way to associate
a spectral sequence also to an increasing filtration.

Let (K•, W ) be an increasing filtration, i.e., satisfying Wn ⊂ Wn+1∀n ∈ Z.
We can define in a canonical way a decreasing fitration F on K• by posing
F p = W−p, and consider the spectral sequence associated to F . Then we have

Grp
F = GrW

−p,

so that
W Ep,q

1 = Hp+q(GrW
−p).

Finally let us recall here the definition of shifted filtration, which will be
convenient for the sequel.

Definition 2.7. For any decreasing filtration F and any n ∈ Z, the filtration
F [n] is defined by

(F [n])p = F p+n.

For any increasing filtration W and any n ∈ Z, the filtration W [n] is defined by

(W [n])p = Wp−n.

2.3 De Rham theorem for varieties with normal crossings

We have already defined the De Rham complex Ap,q of p-differential forms on
D[q+1], where for any q

D[q] =
⊔

1≤i1<···<iq≤N

Di1,...,iq ,

∀I = {i1, . . . , iq} ⊂ {1, . . . , N}, DI = Di1 ∩ · · · ∩Diq .

To the double complex {A•,•, d, δ} we associate the simple complex (A•, D),
where A = s(A•,•), D = d + δ.

Theorem 2.8 (De Rham theorem for varieties with normal crossings).

Hk(A•, D) ∼= Hk(V, C)
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First of all, we want to consider a sheafification of the situation. We want
to construct a sheaf Ap,q on V whose global sections verify Γ(V,Ap,q) = Ap,q.

For each q there is a natural projection πq : D[q] −→ V . Let Ap

D[q] denote
the De Rham complex of sheaves on D[q]; it is well-defined because D[q] is a
smooth, compact Kähler manifold. Then the direct image of Ap

D[q+1] through
πq+1,

Ap,q = (πq+1)∗Ap
D[q+1] ,

satisfies the desired condition.
If U ⊂ V is an open set, we have

Γ(U,Ap,q) =
⊕

1≤i1<···<iq+1≤N

Γ(U ∩Di1,...,iq+1 ,Ap
Di1,...,iq+1

).

It is easy to see that d and δ define morphisms of sheaves on Ap,q.
Let us consider the simple complex of sheaves (A• = s(A•,•), D = d + δ) .
There is a morphism of sheaves CV −→ A0 = A0,0, given by

CV (U) −→ A0(U) =
N⊕

j+1

A0(U ∩Dj)

f −→ (f |U∩Dj )1≤j≤N ,

for every open set U ⊂ V .
Then theorem 2.8 is a straightforward consequence of the following proposi-

tion.

Proposition 2.9.
0 −→ CV −→ A•

is a soft resolution of CV .

Proof. CV −→ A0 is injective by definition. We will prove now the exactness of
the sequence

0 −→ CV −→ A0 −→ A1.

Let U be a connected open subset of V , and

(fj)1≤j≤N ∈ A0(U) =
N⊕

j+1

A0(U ∩Dj).

Observe that each fj is a constant function on U ∩Dj.
Suppose D((fj)1≤j≤N ) = 0. As dfj = 0 ∀j + 1, . . . , N , we have δ(f) = 0. In

particular, every coordinate (δf)i1,i2 of δf must be 0. Being

(δf)i1,i2 = −fi2 |Di1,i2
+ fi1 |Di1,i2

,

the fj ’s must fit on the intersection, so that there exists g ∈ CV (U) satisfying
g|U∩Dj = fj.

12



COnsider the double complex A•,•. We compute its cohomology using its
spectral sequence. Take an open set U ⊂ V such that condition (*) in the
definition of variety with normal crossings holds:

U ∼= {(z1, . . . , zn+1) ∈ Cn+1 : z1 · · · zk = 0, |zi| < ε ∀i = 1, . . . , n + 1}.

What we need to show is:

Claim. Hk(A•(U)) = 0 ∀k > 0.

This is a sufficient condition for 0 −→ CV −→ A• to be a resolution.
The sections ofAp,q over U are exactly the elements of the elements of the De

Rham complex Ap,q(U) (U is itself a variety with normal crossings). If we look
at the second spectral sequence associated of the double complex {A•,•, d, δ},

...
...

...
...

↑ ↑ ↑
(F2) A0,2 −→ A1,2 −→ A2,2 −→ · · ·

↑ ↑ ↑
(F1) A0,1 −→ A1,1 −→ A2,1 −→ · · ·

↑ ↑ ↑
(F0) A0,0 −→ A1,0 −→ A2,0 −→ · · ·

we get

Ep,q
1 = Hq(A•,p(U), d),

where A•,p(U), d) is the De Rham complex of a complex analytic space
isomorphic to⊔
1≤i1<···<ip+1≤k

{(zi) ∈ Cn+1 : z1 · · · zk = 0, |zi| < ε} ∩ {zi1 = 0} ∩ · · · ∩ {zip+1 = 0}.

This is a disjoint uniont of contractible spaces, hence there is no cohomology in
degree ≥ 1. {

Ep,q
1 = (0) ∀q > 0

Ep,0
1 = C( k

p+1)

Having only one row, the spectral sequence degenerates at E2:

E2
∼= E∞ = Grp

F H(A•(U), D).

Ep,q
2 = 0 for q = 0.

Ep,0
2 is the cohomology of d1 : Ep,0

1 −→ Ep+1,0
1 .

Ep,0
1 = H0(A•,p(U)) =

=
⊕

1≤i1<···<ip+1≤k

H0({(zi) ∈ Cn+1 : z1 · · · zk = 0, |zi| < ε}∩

13



∩{zi1 = 0} ∩ . . . ∩ {zip+1 = 0}) =

=
⊕

1≤i1<···<ip+1≤k

Ci1,...,ip+1 .

The differential d1 is induced by δ, so it is just an alternating sum.

E0,0
1 = Ck E1,0

1 = C(k
2) Ep,0

1 =
p+1∧

(Ck)

We can consider E•,0
1 as a Koszul complex.

Definition 2.10. Let V be a finite-dimensional vector space and let θ ∈ V .
Then the Koszul complex complex K•(V, θ) is defined by

K0(V, θ) = V

Ki(V, θ) =
∧i+1

V ∀i ≥ 0,

with the differential induced by the map

C
δ0−−→ V = K0(V, θ)

1 −→ θ

and the relation

∀α ∈ Ki(V, θ), δα = (−1)iθ ∧ α.

Lemma 2.11. If θ �= 0, K•(V, θ) is a resolution of V .

Idea of proof of Lemma 2.11. As the construction of the Koszul complex is
coordinate-free, we can perform all computations by choosing a basis of V of
the form e1 = θ, e2, . . . , ek. Then, for a generic element ei1 ∧ · · · ∧ eij of the
basis of Kj(V, θ), with 1 ≤ i1 < i2 < · · · < ij ≤ k, we have

δ(ei1 ∧ · · · ∧ eij ) =
{

0 if i1 = 1,
e1 ∧ ei1 ∧ · · · ∧ eij if i1 > 1.

This yields our claim directly.

E•,0
1 is a Koszul complex, hence it has no cohomology in degree > 0. We

can thus compute the whole E2 term of the spectral sequence:

Ep,q
2 =

{
0 for p + q > 0,
C for p = 0, q = 0.

We know that the spectral sequence degenerates at E2. Then for each 0 ≤
p ≤ k we have Ep,k−p

∞ = Ep,k−p
2 = 0. This means that for each p, 0 ≤ p ≤ k,

the graded of the cohomology of A•(U) is 0, i.e.,

F pHk(A•(U)) = F p+1Hk(A•(U)).

14



Then for all k > 0 we have

Hk(A•(U)) = F 0Hk(A•(U)) = · · · = F k+1Hk(A•(U)) = 0.

This proves that 0 −→ CV −→ A• is a resolution of sheaves. By a partition
of unit argument this is soft resolution. The proof of Proposition 2.9 is then
accomplished.

2.4 The mixed Hodge structure

There is a natural way to consider filtrations of the double complex {A•,•, d, δ}.

The weight filtration is defined as Wm =
⊕

s≥−m

Ar,s.

The Hodge filtration is as follows. Let us recall that Ar,s = Ar(D[s+1]).
A•(D[s+1]) has a Hodge filtration, so we can take

F p(Ar,s) = F pAr(D[s+1]).

We define
F pA• =

⊕
r,s

F pAr,s.

Let us consider the filtered complex (A•, W ), with associated spectral se-
quence {W Ep,q

r }. For general spectral sequences the following hold:

W Ep,q
1 = Hp+q(GrW

−p A•);
GrW

−p A• = A•(D[p+1])[−p];
W Ep,q

r ⇒ Hp+q(A•).

Together with Theorem 2.8, they imply

W Ep,q
1 = Hq(D[p+1])⇒ Hp+q(V, C),

i.e., the spectral sequence of the filtered complex {A•, W} converges to the
filtered cohomology Hp+q(V, C).

Hq(D[p+1]) has a Hodge structure of weight q, induced by the filtration F .
Now consider the first differential of the spectral sequence:

d1 : W Ep,q
1 −−−−→ W Ep+1,q

1∥∥∥ ∥∥∥
Hq(D[p+1]) Hq(D[p+2]).

d1 is induced by the differential δ : Aq,p −→ Aq,p+1. As δ sends (i, j)-terms to
(i, j)-terms, d1 is a morphism of Hodge structures.

W Ep,q
2 = H(W Ep−1,q

1
d1−−→ W Ep,q

1
d1−−→ W Ep+1,q

1 ).
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The category of Hodge structures of weight q is abelian, hence W Ep,q
2 has

a Hodge structure of weight q. We do not need to consider any further space,
because we can prove:

Lemma 2.12. The spectral sequence {W Ep,q
r } degenerates at W E2, i.e.,

W Ep,q
2
∼= W Ep,q

∞ ∼= GrW
−p Hp+q(V, C).

As a consequence, GrW
−p Hp+q(V, C) carries a Hodge structure of weight q

induced by the filtration F . Let k = p+ q be fixed. We have defined the shifted
filtration

(W [k])p = Wp−k;

GrW
−p Hk(V, C) = GrW [k]

q Hk(V, C).

Then {Hk(V, CV ), W̃ := W [k], F} is a mixed Hodge structure. The weights
vary from 0 to k:

(0) = (W [k])1 ⊂ (W [k])2 ⊂ · · · ⊂ (W [k])k = Hk(V, C).

Remark 2.13. It is important to realize that the weight filtration W̃ = W [k] of
the mixed Hodge structure on Hk(V, CV ) is not the same W we defined before,
but its shift. We have:

W̃qH
p+q(A•) := Im(Hp+q((W [p + q])qA

•) −→ Hp+q(A•)),

so that

W̃qH
p+q(A•) = Im(Hp+q(W−pA

•) −→ Hp+q(A•)).

The reason of the definition of W̃ is that the spectral sequence converges to
the graded of W [p + q] and not to that of W :

Ep,q
r ⇒ GrW [p+q]

q Ap+q(V, C).

The proof of the degeneracy at rank 2 of the spectral sequence follows from
an explicit computation of the differentials. This computation is achieved by
the so-called zig-zag principle (see for example the appendix of the book of Bott
and Tu [BT]).

2.5 The zig-zag principle for spectral sequences

Let {Kp,q, δ, d} be a double complex, with horizontal operator δ and vertical
operator d,

Kp,q+1�⏐⏐d

Kp,q δ−−−−→ Kp+1,q

16



Then we can consider the associated simple complex K• = s(K•,•) with the
first filtration,

F p =
⊕
r,s
r≥p

Kr,s
.

It is possible to give a direct description of the spectral sequence
associated to (K•, F ) in term of the differentials d and δ.
First of all, we recall that the spectral sequence is characterized by the

following property:

Ep,q
r+1 = H(Ep−r,q+r−1

r
dr−−−→ Ep,q

r
dr−−−→ Ep+r,q−r+1

r ).

As a consequence, an element x ∈ Kp,q represents a cohomology class in Ep,q
r

if and only if it is a cocycle in Ep,q
1 , . . . , Ep,q

r−1, i.e., if all differentials of order
≤ r− 1 vanish on the cohomology class of x. When it exists, we will denote the
cohomology class of x in Ep,q

r by [x]r.
Let us see explicitly how this fact applies to the first terms of the spectral

sequence.
r = 1:

Ep,q
1 = Hq

d(Kp,•)

d1 : Ep,q
1 −→ Ep+1,q

1

Let x ∈ Kp,q. Then [x]1 is well-defined if and only if dx = 0. d1 is induced
by δ, so we have d1[x] = [δx]1.

r = 2:
d2 : Ep,q

2 −→ Ep+2,q−1
2

Let x ∈ Kp,q. Then [x]2 is well-defined if and only if the following hold:

• dx = 0; this implies that [x]1 ∈ Ep,q
1 is defined;

• d1[x]1 = 0.

By definition, d1[x]1 = [δx]1. As this is 0, there exists y ∈ Kp+1,q−1 satisfy-
ing δx = dy.

Now, δy represents a cohomology class in Ep+2,q−1
2 . Indeed,

dδy = −δdy = δ2x = 0,

d1[δy]1 = [δ2y]1 = [0]1 = 0.

Computation shows that d2[x]2 = [δy]2. Note that this result does not
depend on the choice of the representatives x ∈ Kp,q, y ∈ Kp+1,q−1.

We can see all this as a zig-zag in the double complex:
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0

d

�⏐⏐
x

δ−−−−→
d

�⏐⏐
y

δ−−−−→
We can summarize all this by saying that x ∈ Kp,q represents a cohomology

class in Ep,q
2 if and only if x can be extended to a zig-zag of length 2.

r = 3:
d3 : Ep,q

3 −→ Ep+3,q−2
3

Let x ∈ Kp,q. Then [x]3 is well-defined if and only if the following hold:

• dx = 0; this implies that [x]1 ∈ Ep,q
1 is defined;

• d1[x]1 = [δx] = 0. Then, there exists y′
1 ∈ Kp+1,q−1 such that δx = dy′

1;

• d2[x2] = [δy′
1]2 = 0. Then, ∃y′′

1 ∈ Kp+1,q−1 : dy′′
1 = 0, d1[y′′

1 ]1 = [δy′
1]1.

Let y1 = y′
1 − y′′

1 . δy1 ∈ Ep+2,q−1, because

dδy1 = −δdy = δ2 = 0;

d1[δy1]1 = [δy′
1 − δy′′

1 ]1 = [δy′
1]1 − [δy′

1]1 = 0.

As dy1 = dy′
1−dy′′

1 = δx, we have [δy1]2 = d2[x]2 = 0. Then ∃y2 ∈ Kp+2,q−2

with y2 = δy1.
Summarizing, we are in the following situation:

dy1 = δx,
dy2 = δy1.

Analogously to the previous cases, we can now conclude

d3[x]3 = [δy2]3.

In other words, we have shown that x ∈ Kp,q represents a cohomology class
in Ep,q

3 if and only if it can be extended to a zig-zag of length 3.

0

d

�⏐⏐
x

δ−−−−→
d

�⏐⏐
y1

δ−−−−→
d

�⏐⏐
y2

δ−−−−→
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General case: x ∈ Kp,q represents a cohomology class [x]r ∈ Ep,q
r if and

only if x can be extended to a zig-zag of length r.

0
↑d
x

δ−→
↑d
y1

δ−→
↑d
y2

δ−→ · · ·
↑d
yr−2

δ−→
↑d
yr−1

δ−→
(In the diagram yj represents a cohomology class [yj ]j+1.)
The differential dr : Ep,q

r −→ Ep+r,q−3
r is given by the δ of the tail of the

zig-zag:
dr[x]r = [δyr−1]r.

We can also deduce the zig-zag principle directly from the filtered complex
(s(K)•, D). Consider first Ep,q

1 = Zp,q
1 /(Zp,q

1 ∩Bp,q
1 ). Then an element of Kp,q

belongs to Zp,q
1 if and only if its vertical differential d is 0. In this case we easily

find that d1[x]1 = 0. Vice versa, every element of Ep,q
1 can be represented by

an element x ∈ Kp,q ∩ Zp,q
1 .

Now, take into account Ep,q
2 . The intersection Kp,q∩Zp,q

2 is not particularly
interesting, being simply made up by elements z ∈ Kp,q such that dz = δz = 0.
Anyway, an element x ∈ Kp,q ∩ Zp,q

1 represents a class in Ep,q
2 if there exists

y ∈ Kp+1,q ⊂ Bp,q
2 such that x + y ∈ Zp,q

2 . This is exactly the same condition
as requiring the existence of a zig-zag of length 2. As before, we find that
d2[x]2 = [δy]2.

Analogously, an element x ∈ Kp,q represents a class in Ep,q
r if and only if

- x ∈ Zp,q
1 ;

- ∃y1 ∈ Kp+1,q such that x + y1 ∈ Zp,q
2 ;

- ∃y2 ∈ Kp+2,q such that x + y1 + y2 ∈ Zp,q
3 ;

- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

- ∃yr−1 ∈ Kp+r−1,q such that x + y1 + · · ·+ yr−1 ∈ Zp,q
r .

This is exactly the same as requiring the existence of a zig-zag of length r.

As we already said, the zig-zag principle provides us a simple way of com-
puting the elements and the differentials in a spectral sequence. We will apply
this in the case of the cohomology of a variety with normal crossings.
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Let us consider a variety with normal crossings V = D1 ∪ · · · ∪DN , with its
double complex (Ap,q

, d, δ). We defined

Wn =
⊕

r,s∈Z
s≥−n

Ar,s.

This is the second filtration associated to the double complex A•,•. In the
previous computations of this section we always worked with the first filtration.
For the second filtrations all results are of course the same, but we need to
reverse all the order in all pairs of indices considered.

We were interested in computing the spectral sequence associated to the
filtered complex {A•, W}. We remarked that W Ep,q

1 = Hq
DR(Dp+1), and that

the fact that d1 is a morphism of Hodge structures of weight q gives Ep,q
2 a

Hodge structure of the same weight.

Proof of Lemma 2.12.
We have claimed the degeneration at W E2 of the spectral sequence {W Ep,q

r },
defined on the cohomogy groups of a variety with normal crossings. First of all,
we compute d2 : W Ep,q

2 −→ W Ep+2,q−1
2 .

Let x ∈ W Ep,q
2 ; then it is represented by some ω ∈ Aq,p = Aq(D[p+1]). We

can extend ω to a zig-zag of length 2 in the spectral sequence.

β
d−−−−→

δ

�⏐⏐
ω

d−−−−→ 0

The zig-zag principle establishes the existence of β ∈ Aq−1(D[p+2]) such that
dβ = δω. For any such β we have d2[ω]2 = [δβ]2.

We can assume without loss of generality that ω is a q-form of pure type
(r, s) (otherwise, we can decompose it into a sum of such). By the principle
of two types (see [GS]), we can choose between two possibilities for β. The
differential δω is an exact form of type (r, s) (because δ preserves the type).
Then there exists β′ of type (r − 1, s) such that dβ′ = δω and also β′′ of type
(r, s− 1) such that dβ′′ = δω. This implies

[δβ′]2 = d2[ω]2 = [δβ′′]2,

where [δβ′]2 is of type (r − 1, s) in W Ep+2,q−1
2 and [δβ′′]2 is of type (r, s − 1)

in the same space. Then, by Hodge decomposition on W Ep+2,q−1
2 , it must be

d2[ω]2 = 0. This proves that d2 is the 0 morphism.
Consider now d3. We have W Ep,q

3 = W Ep,q
2 , so that W Ep,q

3 carries a Hodge
structure of weight q induced by the differential of A•. Let ω ∈ Aq(D[p+1]) be
a q-form that represents a cohomology class in W Ep,q

2 . We can assume that ω
is of pure type (r, s).
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By the zig-zag principle, we can extend ω to a zig-zag of length 3:

β2
d−−−−→

δ

�⏐⏐
β1

d−−−−→
δ

�⏐⏐
ω

d−−−−→ 0.

We may assume that β1 is a form of pure type (r − 1, s). Let us start with
a general β′

1 such that dβ′
1 = δω Then there exists β′′

1 verifying{
[δβ′′

1 ]1 = [δβ′
1]1,

dβ′′
1 = 0.

As [δβ′′
1 ]1 has type (r−1, s), β′′

1 can be chosen of type (r−1, s). We can perform
this just by taking an arbitrary β′′

1 and replacing it by β′′
1 − β′′′

1 , where β′′′
1 is a

form of type (r − 1, s) satisfying{
[β′′′

1 ]1 = [β′′
1 ]1

dβ′′′
1 = 0.

Then β1 = β′
1− β′′

1 is a form of type (r− 1, s), which satisfies the conditions for
belonging to the zig-zag of ω.

We are now in the same situation as before. By the principle of two types,
there are two possibilities for β2:

∃β′
2 of type (r − 2, s) such that dβ′

2 = δβ1,
∃β′′

2 of type (r − 1, s− 1) such that dβ′′
2 = δβ1.

As a consequence, d3[ω]3 must be of both type (r−2, s) and type (r−1, s−1)
in W Ep,q

3 . We have then d3[ω]3 = 0.
We can prove analogously that dr = 0 for all r ≥ 2. The basic reason is that

dr is a morphism of Hodge structures, but any non-trivial morphism yields a
contradiction with the principle of two types on (A•(D[p+1]), d).

3 Smooth quasi-projective varieties

In Théorie de Hodge II [HII], Deligne gives the construction of a functorial
mixed Hodge structure on the cohomology of smooth quasi-projective algebraic
varieties which coincides with the classical Hodge structure when the variety is
smooth and projective.

Theorem 3.1 (Deligne). Let U be a smooth, quasi-projective algebraic variety
over C. Then the integral cohomology H•(U, Z) has a functorial mixed Hodge
structure. The weights on Hk(U, Q) vary from k to 2k.
The Hodge numbers hp,q(Hk(U, C) = 0 unless 0 ≤ p, q ≤ k, k ≤ p + q ≤ 2k.
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We recall here the definition of the Hodge numbers for a mixed Hodge struc-
ture:

hp,q(Hk(U, C) = dimC(GrW
p+q Hk(U, C))p,q.

Actually in this section we do not prove this theorem yet but only collect
data concerning the cohomology in a nice way. Precisely we construct an integral
mixed Hodge complex of sheaves according to the terminology of Deligne [HIII].
Then the theorem will be a consequence of the general Hodge theory of Deligne
which we explain in Section 5.

The construction starts with the following observation: By Nagata’s theorem
on compactification of algebraic variety and Hironaka’s theorem on resolution of
singularities, for every quasi-projective complex algebraic variety U there exists
a smooth compactification X such that

- X is a projective variety;

- ∃D ⊂ X , normal crossing divisor with smooth projective components,
such that X −D is isomorphic to U .

The mixed Hodge structure on U is constructed via the holomorphic log-
arithmic De Rham complex (see [D]), to which we devote the next section.
Deligne shows that the mixed Hodge structure actually does not depend on the
choice of a compactification.

3.1 The logarithmic complex

Let X be a complex manifold, and D ⊂ X a normal crossing divisor. Then we
will denote X∗ = X −D, with the natural inclusion j : X∗ ↪→ X .

Definition 3.2. Let X be a complex manifold and D ⊂ X a divisor with normal
crossings. Then the sheaf of holomorphic differential forms with logarithmic
poles along D is the sheaf Ω•

X(log D) on X defined by the condition that a
section ϕ of j∗Ω•

X∗ is a section of Ω•
X(log D) if and only if for any local equation

f defining D then both fϕ and fdϕ are local sections of Ω•
X .

We have Ωp
X(log D) ⊂ Ωp+1

X (log D), so that d gives Ω•
X(log D) the structure

of a differential complex.

Definition 3.3. The differential complex (Ω•
X(log D), d) is called the holomor-

phic logarithmic De Rham complex.

By definition, we have

Ω•
X ⊂ Ω•

X(log D) ⊂ j∗Ω•
X∗.

Proposition 3.4. Ω1
X(log D) is a locally free sheaf of OX-modules, and

Ωp
X(log D) =

p∧
Ω1

X(log D).
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Proof. Consider a coordinate open set U ⊂ X with holomorphic coordinates
(z1, . . . , zn) such that

U ∩D = {z1 · · · zk = 0}.
Let Ω1

X(U)
{

dz1
z1

, dz2
z2

, . . . , dzk

zk

}
be the free OX -module with basis

dz1

z1
, . . . ,

dzk

zk
, dz1, . . . , dzn.

Let Ωp
X(U)

{
dz1
z1

, dz2
z2

, . . . , dzk

zk

}
=

∧p Ω1
X(U)

{
dz1
z1

, dz2
z2

, . . . , dzk

zk

}
.

Note that for every p, Ωp
X(U)

{
dz1
z1

, dz2
z2

, . . . , dzk

zk

}
can be naturally identified

with a submodule of j∗Ω
p
X∗(U).

Now, we need only to prove that

Ωp
X(U)

{
dz1

z1
,
dz2

z2
, . . . ,

dzk

zk

}
= Γ(U, Ωp

X(log D)).

Suppose ϕ ∈ Ωp
X(U)

{
dz1
z1

, dz2
z2

, . . . , dzk

zk

}
. Without loss of generality, we can

assume

ϕ = ω ∧ dzi1

zi1

∧ dzi2

zi2
∧ · · · ∧ dziq

ziq

,

with ω ∈ Ωp−q
X , 1 ≤ q ≤ k.

Then z1 · · · zkϕ ∈ Ωp
X(U), and

dϕ = dω ∧ dzi1

zi1

∧ dzi2

zi2
∧ · · · ∧ dziq

ziq

,

so that z1 · · · zkdϕ ∈ Ωp+1
X (U). This proves ϕ ∈ Ωp

X(log D).
In order to establish the other inclusion, we restrict ourselves to the case

k = 1. The proof for a general k is essentially the same (see [GH, p. 450]).
Let α ∈ Γ(U, Ωp

X(log D)). Then z1α ∈ Ωp
X . This means that we can write

z1α = β ∧ dz1 + γ, where β and γ do not involve dz1. We have

α = β ∧ dz1

z1
+

γ

z1
,

dα = dβ ∧ dz1

z1
− 1

z1
2
dz1 ∧ γ +

1
z1

dγ.

By definition we have z1dα ∈ Ωp+1
X (U), so that γ

z1
∈ Ωp

X(U) and α ∈
Ωp

X(U)
{

dz1
z1

}
.
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3.2 The weight filtration of the logarithmic complex

We can construct now the weight filtration of the logarithmic complex. The
definition is really natural, being based on the order of poles of the forms:

WmΩp
X(log D) =

{
Ωm

X(log D) ∧ Ωp−m
X for m < p,

Ωp
X(log D) for m ≥ p.

In a neighbourhood of a point x ∈ D, we can choose holomorphic coordinates
z1, . . . , zn, such that D is locally defined by z1 · · · zk = 0. We have then

(WmΩp
X(log D))x =

∑
i1<···<im

Ωp−m
X,x ∧

dzi1

zi1

∧ · · · ∧ dzim

zim

.

The weight filtration is an increasing filtration compatible with the structure
of differential complex:

Wm ⊂Wm+1,

dWmΩp
X(log D) ⊂WmΩp+1

X (log D),

(WmΩ•
X(log D), d) ⊂ (Ω•

X(log D), d).

3.3 The Poincaré residue map

Next topic is the Poincaré residue map. In order to define it, we need to use a
special class of holomorphic systems of coordinates. First of all, we consider a
decomposition of the divisor D = D1 ∪ · · · ∪DN . This decomposition is unique
but for the order of the smooth component Dj . From now on we consider this
order as fixed, i.e., we choose a bijection between the set of smooth components
of D and the set of indices 1, . . . , N .

By the definition of normal crossing divisor, we have that every point of
D admit holomorphic coordinates z1, . . . , zn in an open neibourhood U ⊂ X ,
satisfying the condition:

D is given by the local equation z1 · · · zk = 0 for some k ≥ 1. (*)

For such coordinates, we have {zi = 0} ⊂ Dni for every i, 1 ≤ i ≤ k.
We want the order of the zi’s to agree with that of the Dj ’s. Formally, this
additional condition is:

n1 < n2 < · · · < nk (**)

This is not a restrictive condition, because it only require us to reorder z1, . . . , zk

in a certain way.

Definition 3.5. Suppose U ⊂ X is an open set with coordinates z1, . . . , zn

satisfying the conditions above. Let m ≤ k, fix a m-uple I = (i1, . . . , im), with
1 ≤ i1 < i2 < · · · < im ≤ n. We define

ρI
0 : Γ(U, Ωp

X) −→ Γ(U, GrW
m (Ωp+m

X (log D)))
α −→ dzi1

zi1
∧ · · · ∧ dzim

zim
∧ α.
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Lemma 3.6. The definition of ρI
0 does not depend on the choice of the coordi-

nates (provided they satisfy conditions (*) and (**)).

Proof. Let f : U −→ U ′ be an isomorphism. Let z′i = fi(z1, . . . , zn) ∀1 ≤ i ≤ n.
Assume that the zi’s satisfy conditions (*) and (**), and that

f(U ∩ {zi = 0}) = U ′ ∩ f({zi = 0}) = {z′i = 0}.

What we need to show is f∗ρ′0(α) = ρ0(f∗α), where ρ′0 denotes the map ρ0

in the coordinates z′i. We consider the multiindex I as fixed, so we omit it. We
have:

ρ′0(α) =
dz′i1
z′i1
∧ · · · ∧ dz′im

z′im

∧ α,

f∗ρ′0(α) = f∗
(

dz′i1
z′i1

)
∧ · · · ∧ f∗

(
dz′im

z′im

)
∧ f∗(α),

where f∗
(

dz′
j

z′
j

)
= dfj

fj
.

We have {fi(z1, . . . , zn) = 0} = U ∩ Dni = {zi = 0}. As Di is a divi-
sor, fi(z1,...,zn)

zi
must be a holomorphic function on U with holomorphic inverse.

Taking the logarithmic differential of it we get

dfi

fi
=

dzi

zi
+ βi,

where βi is a holomorphic 1-form on U . Then

f∗ρ′0(α) =
dzi1

zi1

∧ · · · ∧ dzim

zim

∧ f∗(α) (mod Wm−1Ω
p+m
X (log D)),

hence they coincide as elements of Γ(U, GrW
m Ωp+m

X (log D)).

Remark 3.7. The condition (**) is important because the interchange of a pair
of the chosen coordinates changes the sign of ρ0. This means that ρ0 depends
only on the orientation of the basis chosen.

Corollary 3.8. ρI
0 induces a map of sheaves

ρI
0 : Ωp

X −→ GrW
m Ωp+m

X (log D).

As before, we consider DI = Di1 ∩· · ·∩Dim . Let we denote by aI : DI ↪→ X
the natural inclusion. aI defines a surjective map of sheaves

Ωp
X � (aI)∗Ω

p
DI

,

induced by the natural projection of local holomorphic coordinates U∩X � DI .
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This leads to the following diagram:

Ωp
X

ρI
0 ��

�� ���
��

��
��

GrW
m Ωp+m

X (log D).

(aI)∗Ω
p
DI

��

Let α ∈ Ωp
X such that (aI)∗α = αDI = 0. We have that αDI = 0 if and only

if, in local coordinates satisfying (*), α is a linear combination of elements of
the form ziλ

β and dziλ
∧ β for 1 ≤ λ ≤ k. But

ρI
0(ziλ

)β) =
dzi1

zi1

∧ · · · ∧ dzim

zim

∧ ziλβ ∈Wm−1Ω
p+m
X (log D)

is 0 in the graded, and
ρI
0(dziλ

∧ β) = 0.

In this way we get a map of sheaves

ρI
1 : (aI)∗Ω

p
DI
−→ GrW

m Ωp+m
X (log D).

If we consider D[m] =
⊔

I=(i1,...,im)
i1<···<im

DI and the map

am : D[m] −→ X,

am =
⊔

I=(i1,...,im)
i1<···<im

aI ,

the sum of the morphisms ρI
1 defines a map

ρ : (am)∗Ω
p
D[m] −→ GrW

m Ωp+m
X (log D).

The map ρ is a chain map, and even a map of complexes of sheaves if we
multiply it by a factor (−1)p. In fact, we can consider ρ as a map of complexes
without need of any change, if we accept the convention that for a complex
(K•, d) the shifted complex is defined by K•[m] = (K•+m, (−1)md).

Proposition 3.9.

ρ : (am)∗Ω•
D[m] [−m] −→ GrW

m Ω•
X(log D)

is an isomorphism of complexes of sheaves.

We omit here the proof of Proposition 3.9. It consists of the explicit construc-
tion of the inverse of ρ. The proof that this is a well-defined map of complexes
follows from the same arguments used for ρ.
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Definition 3.10. The inverse of ρ is called Poincaré residue map.
It is given ∀m by the morphism of sheaves

Resm : GrW
m Ωp+m

X (log D) ∼−−→ (am)∗Ω
p
D[m]

whose expression in local coordinates z1, . . . , zn satisfying conditions (*) and
(**) is

∑
i1<···<im

dzi1

zi1

∧ · · · ∧ dzim

zim

∧ α(i1,...,im) −→
∑

i1<···<im

α(i1,...,im)|Di1∩···∩Dim
.

3.4 Hypercohomology of the logarithmic complex

From the holomorphic Poincaré lemma we know that

0 −→ CD[m] −→ Ω•
D[m]

is a resolution. The morphism am : D[m] −→ X is finite and proper, hence

0 −→ (am)∗CD[m] −→ (am)∗Ω•
D[m]

is again a resolution.
This gives us a quasi-isomorphism

(am)∗CD[m] [0]
q. is.−−−−→ (am)∗Ω•

D[m] ,

where CD[m] [0] denotes the complex

· · · −→ 0 −→ 0 −→ (am)∗CD[m] −→ 0 −→ 0 −→ · · · .

We recall here that, by definition (see for example [PS]), a quasi-isomorphism
is a map of complexes such that the induced map on cohomology is an isomor-
phism.

This allows us to compute the cohomology sheaf of GrW
m Ω•

X(log D):

Hi GrW
m Ω•

X(log D) ∼= Hi((am)∗CD[m] [−m])

so that

Hi(GrW
m Ω•

X(log D)) =

⎧⎨
⎩

(am)∗CD[m] for i = m,

0 for i �= m.
(†)

As a consequence, we have

Hi(WmΩ•
X(log D)) =

⎧⎨
⎩

(am)∗CD[m] for i ≤ m,

0 for i > m.

We can prove it by induction on m.
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For m = 0, we have GrW
0 Ω•

X(log D) = W0Ω•
X(log D) = Ω•

X , and (by con-
vention) D[0] = X . So the claim is equivalent to (†).

For m > 0, the exact sequence

0 −→Wm−1Ω•
X(log D) −→WmΩ•

X(log D) −→ GrW
m Ω•

X(log D) −→ 0,

induces a long exact sequence in cohomology:

Hi−1(GrW
m Ω•

X(log D)) −→ Hi(Wm−1Ω•
X(log D)) −→ Hi(WmΩ•

X(log D)) −→

−→ Hi(GrW
m Ω•

X(log D)) −→ Hi+1(Wm−1Ω•
X(log D)),

which gives us the inductive step (m− 1)⇒ (m).

In particular, when m ≥ dimC X , we have WmΩ•
X(log D) = Ω•

X(log D), and

Hi(Ω•
X(log D)) ∼= (ai)∗CD[i] ∀i ≥ 0.

To proceed further we need to use the notion of hypercohomology of a complex
of sheaves. We sketch here its definition below. For a more complete treatment
of this subject, see [G].

Definition 3.11. Let F• a complex of sheaves on the topological space X .
Then to F• we can associate in a canonical way a flabby resolution (i. e., a
resolution which is a complex of flabby sheaves), called its Godement resolution,

F• ∼−−→ C•Gdm(F)•.

We define then the hypercohomology of F• on X to be

Hi(X,F•) := Hi(Γ(X, C•Gdm(F•))).

An important property of hypercohomology is that if two complexes of
sheaves are quasi-isomorphic then they have the same hypercohomology.

Proposition 3.12. Let us consider the Godement resolution

Ω•
X∗

∼−−→ C•Gdm(Ω•
X∗).

Then
j∗Ω•

X∗
q. is.−−−−→ j∗C•Gdm(Ω•

X∗).

Proof. Being flabby, C•Gdm(Ω•
X∗) is j∗-acyclic, i.e., Rij∗Cp

Gdm(Ω•
X∗) = 0 ∀i > 0.

Then it suffices to prove that also Ω•
X∗ is j∗-acyclic. The key remark is that

each point on X has a fundamental system of open neighbourhoods by Stein
open sets.

Indeed, j∗ does nothing in a neighbourhood of a point on X∗. If we consider
a point on D, we can choose local coordinates z1, . . . , zn such that condition (*)
holds, and we have that a open neighbourhood U has the form

X ⊃ U ∼= {(z1, . . . , zn) ∈ Cn : |zi| < ε},

28



and
D ∩ U ∼= {(z1, . . . , zn) ∈ Cn : z1 · · · zk = 0, |zi| < ε}.

Now,

(Rij∗Ω
p
X∗)x = lim−→

U

Γ(U,Rij∗Ω
p
X∗) = lim−→

U

Hi(U∗, Ωp
X∗).

U∗ = U −D is a Stein manifold (a Stein manifold is the complex analogue
of an affine variety), as can be seen from the embedding

U∗ ↪→ U × C

z → (z, 1
z1···zk

).

We can then apply to U∗ Cartan’s theorem B and conclude that

Hi(U∗, Ωp
X∗) = 0 ∀i > 0.

This implies the claim.

Theorem 3.13. The inclusion Ω•
X(log D) ↪→ j∗Ω•

X∗ is a quasi-isomorphism.

Proof. We recall from the proof of Proposition 3.12 that Ω•
X∗ is j∗-acyclic. Hence

we can use the resolution

0 −→ CX∗ −→ Ω•
X∗

to compute the direct image sheaf

Rij∗CX∗ = Hi(j∗Ω•
X∗).

Now, what we want to prove is local in nature. Therefore it suffices to show
the following:

Claim. (
Hi(Ω•

X(log D))
)

x

∼−−→
(
Rij∗CX∗)

)
x
∀x ∈ D.

Let us consider an open neighbourhood U of x, with holomorphic coordinates
satisfying the usual condition

U ∩D = {z1 · · · zk = 0}. (*)

First we compute the right-hand side of the equation in the claim. For
j−1(U) = U∗ := U − (U ∩ D) ∼= (Δ∗)k × Δn−k, where Δ denotes the disc
{t ∈ C : |t| < ε}, and Δ∗ = Δ − 0. Since the polycilinder (Δ∗)k × Δn−k is
homotopy equivalent to (S1)k, the cohomology of U∗ is:

H1(U∗, C) ∼= Cdz1
z1
⊕ · · · ⊕ Cdzk

zk
,

Hp(U∗, C) ∼= ∧p
H1(U∗, C).

On the other hand, Hi(Ω•
X(log D)) ∼= (ap)∗CD[p] ∀p ≥ 0, and
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(
(ap)∗CD[p]

)
x

∼=
⊕

i1<···<ip

Ci1,...,ip .

This allows us to construct explicitly an isomorphism, by mapping the gen-
erator of Ci1,...,ip to dzi1

zi1
∧ · · · ∧ dzip

zip
.

Proposition 3.14.

Hi(X, Ω•
X(log D)) ∼= Hi(X∗, CX∗).

Proof. We know that Ω•
X∗ is j∗-acyclic (by Cartan’s theorem B). Then

j∗Ω•
X∗

q. is.−−−−→ j∗C•Gdm(CX∗),

is again a resolution. Recall the definition of direct image sheaf:

R•j∗Ω•
X∗ := j∗C•Gdm(Ω•

X∗).

R•j∗CX∗ := j∗C•Gdm(CX∗).

The situation is as follows:

CX∗ [0]
q. is. ��

q. is.

���
��

��
��

��
�

C•Gdm(Ω•
X∗)

C•Gdm(CX∗).

q. is.

�������������

Then
Ω•

X(log D)
q. is.−−−−→ j∗Ω•

X∗

q. is.

⏐⏐�
R•j∗CX∗

q. is.−−−−→ R•j∗Ω•
X∗ ,

which implies

Hk(X, Ω•
X(log D)) ∼= Hk(X∗, CX∗).

3.5 The Hodge-De Rham complex of (X, D)

We consider now some constructions by Deligne.
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Definition 3.15. Let (K∗, dK) be a bounded below differential complex of
objects in some abelian category. The trivial filtration on K• is the decreasing
filtration σ≥,

σ≥p := {0 −→ 0 −→ · · · −→ 0 −→ Kp −→ Kp+1 −→ · · · }.
The canonical filtration on K• is the increasing filtration τ≤,

τ≤p := {K0 −→ K1 −→ · · · −→ Kp−1 −→ ker dp
K −→ · · · }.

Grτ≤
p (K•) = {0 −→ 0 −→ · · · −→ 0 −→ Kp−1/ kerdp−1

K −→ ker dp
K −→ · · · }.

There is a canonical map

Grτ≤
p (K•) −→ Hp(K•)[−p],

which is a quasi-isomorphism because the diagram

Kp−1/ kerdp−1
K

∼

�������������
Im dp−1

K��

��
kerdp

K

commutes.
As a consequence, we have

Hp(Grτ≤
p (K•)) ∼= Hp(K•).

If K• −→ L• is a quasi-isomorphism, then the filtered morphism of com-
plexes (K•, τ≤) −→ (L•, τ≤) is a filtered quasi-isomorphism, i. e.,

Grτ≤
p (K•) −→ Grτ≤

p (L•) is a quasi-isomorphism ∀p.

We want to apply this to the De Rham complex of logarithmic forms. The
inclusion

(Ω•
X(log D), τ≤) ↪→ (Ω•

X(log D), W )

is a filtered morphism, because by definition WmΩ•
X(log D) = Ωp

X(log D) for
m ≥ p:

Ω0
X(log D)→ · · · →Ωm−1

X (log D)→Ωm
X(log D)→Ωm+1

X (log D)→ · · ·
|| || ∪ ∪

Ω0
X(log D)→ · · · →Ωm−1

X (log D)→ ker d → 0 → · · ·
In the special case m = 0:

Ω0
X(log D) −→ Ω1

X(log D) −→ · · ·
∪ ∪
C −→ 0 −→ · · ·

31



(Ω•
X(log D), τ≤) −→ (Ω•

X(log D), W ) is a filtered quasi-isomorphism, be-
cause Grτ≤

m (Ω•
X(log D)) has cohomology only in degree m, and

Hm(Grτ≤
m (Ω•

X(log D))) ∼= Hm(Ω•
X(log D)) ∼= Hm(GrW

m Ω•
X(log D)).

Moreover,

Ω•
X(log D)

q. is.−−−−→ j∗Ω•
X∗ ⇒ (Ω•

X(log D), τ≤)
q. is.−−−−→ (j∗Ω•

X∗ , τ≤),

and
(j∗Ω•

X∗ , τ≤)
q. is.−−−−→ (R•j∗Ω•

X∗ , τ≤)
q. is.←−−−− (R•j∗CX∗ , τ≤).

Definition 3.16. Let X be a compact complex manifold, with Kähler metric,
and D ⊂ X a divisor with normal crossings.
The Hodge-De Rham complex K•

DR(X log D) associated to the couple (X, D) is
the given of three data:

1. R•j∗ZX∗ := j∗C•Gdm(ZX∗);

2. (R•j∗QX∗ , τ≤) with the natural map

α : R•j∗ZX∗ ⊗ZX QX
q. is.−−−−→ R•j∗QX∗ ,

which is a quasi-isomorphism of complexes of sheaves;

3. (Ω•
X(log D), W, F ), with F = σ≥, and the following chain of filtered quasi-

isomorphisms:

(R•j∗QX∗ , τ≤)⊗QX CX

��
(Ω•

X(log D), τ≤)
��

��
��

		�������
(R•j∗CX∗ , τ≤)

��

(β)

(Ω•
X(log D), W ) (j∗Ω•

X∗ , τ≤) �� (R•j∗Ω•
X∗ , τ≤)

Verdier, following Grothendieck, writes (β) as

β : (R•j∗QX∗ , τ≤)⊗QX CX
∼−−→ (Ω•

X(log D), W ),

considering β as an isomorphism in the derived category of bounded below fil-
tered complexes of sheaves of complex vector spaces (it is not in general a map
of sheaves). (For the definition of derived category, see [PS].)
Remark 3.17. There is a strong analogy between the definition of the Hodge-De
Rham complex and the general definition of a mixed Hodge structure. (1) is
analogous to the choice of the lattice, (2) to that of the rational weight filtration
and (3) to the Hodge filtration. In fact, as we will see later, K•

DR(X log D) is
what is called a mixed Hodge complex of sheaves.

32



All maps considered in K•
DR(X log D) are filtered morphisms. Then they in-

duce morphisms on the corresponding gradeds, maintaining the same properties.
In this way we obtain ∀m the triple

(Grτ≤
m R•j∗ZX∗ , (GrW

m Ω•
X(log D), F ), Grm(β)),

where
Grm(β) : Grτ≤

m R•j∗ZX∗ ⊗ZX CX −→ GrW
m Ω•

X(log D).

(We prefer to consider ZX instead of QX as was done in (3), in order to obtain
a more general result).

Let us consider the action of the Poincaré residue map on this triple.
We have

Hm(Grτ≤
m R•j∗CX∗) = Hm(R•j∗CX∗) = Rmj∗CX∗ .

We already know

Rmj∗CX∗ = Hm(X, Ω•
X(log D)) = Hm(X, GrW

m Ω•
X(log D)) Resm−−−−→

q. is.
(am)∗CD[m] .

At the integer level we have:

Rmj∗CX∗ Hm(X, Ω•
X(log D)) Hm(X, GrW

m Ω•
X(log D))

Resm

q. is.
�� (am)∗CD[m]

Rmj∗ZX∗
��





∼
isomorphism

��( 1
2πi

)m (am)∗ZD[m] .
��





The latter sheaf in the diagram is the (−m)-th Tate twist of (am)∗ZD[m] ,

(am)∗ZD[m](−m) :=
(

1
2πi

)m

(am)∗ZD[m] .

We show now the commutativity of the diagram. We need only to establish
the property locally in a neighbourhood of a point x ∈ D. Let us consider
coordinates (z1, . . . , zn) satisfying the usual condition (*). For m = 1 we have:(

R1j∗CX∗
)

x
= H1((Δ∗)k ×Δn−k, C) = Cdz1

z1
⊕ · · · ⊕ Cdzk

zk

∪(
R1j∗ZX∗

)
x

= H1((Δ∗)k ×Δn−k, Z).

We recall that the first homology group of (Δ∗)k ×Δn−k is

H1((Δ∗)k ×Δn−k, Z) = Zγ1 ⊕ · · · ⊕ Zγk,

where each γj (j = 1, . . . , k) is a loop around the origin in Δj = {|zj| < ε}. By
the residue formula, ∫

γj

dzj

zj
= 2πi,
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so that
{

1
2πi

dzj

zj

}
j=1,...,k

represent integral cohomology classes in H1((Δ∗)k ×
Δn−k, Z). They constitute in fact the dual basis over Z of the basis γ1, . . . , γk.
This proves the claim for m = 1.

For general m,
Rmj∗ZX∗ =

∧mR1j∗ZX∗

(am)∗ZD[m] =
∧m(a1)∗ZD[1] .

The Poincaré residue map induces a map

Resm : Grτ≤
m (Rj

∗ZX∗) −→ (am)∗ZD[m] [−m](−m)

that is a quasi-isomorphism. We have then an isomorphism

Resm : (GrW
m Ω•

X(log D), F ) ∼−−→ ((am)∗Ω•
D[m] [−m], F [−m]).

Res gives also a map corresponding to Grβ , because

(am)∗ZD[m] [−m](−m)⊗ZX CX
∼= (am)∗CD[m] [−m] Resm−−−−→

q. is.
(am)∗Ω•

D[m] [−m].

Summarizing, the Poincaré residue map gives a map of triples:

(Grτ≤
m R•j∗ZX∗ , (GrW

m Ω•
X(log D), F ), Grm(β))⏐⏐�Resm

((am)∗ZD[m] [−m](−m), ((am)∗Ω•
D[m] [−m], F [−m]), CD[m] [0]

q. is.−−−−→ Ω•
D[m]).

consisting of maps that are isomorphisms in the derived category.

4 The theory of Deligne

The general theory of Deligne deals with a complex K• endowed with two
filtrations W and F . It considers the spectral sequence associated to the filtered
complex (K•, W ) and investigates how the filtration F induces a filtration there.
This study reveals abstract properties ensuring that various hypercohomology
groups of a mixed Hodge complex of sheaves yield a mixed Hodge structure. A
general principle is then as follows: In order to get a mixed Hodge structure on
hypercohomology of some geometric object, it suffices to construct a suitable
mixed Hodge complex of sheaves on this object.

4.1 Integral Hodge complex of sheaves

We will see now that the structures naturally arisen in the previous section are
special cases of more general concepts.

Definition 4.1 ([HIII],[PS]). A Z-Hodge complex of weight m is the given of
the following:

34



1. A bounded below complex of Z-modules K•
Z such that rankHk(K•

Z) <
∞ ∀k.

2. A bounded below complex K•
C of C-vector spaces equipped with a decreas-

ing filtration F and a comparison morphism

α : K•
Z ⊗Z C

∼−−→ K•
C,

which is an isomorphism in the derived category.

The data (K•
Z , (K•

C , F )) have moreover to satisfy the following condition, called
Hodge completion axiom:

(HC) (i) ∀k ≥ 0, (Hk(K•
Z), (Hk(K•

C), F )) is an integral Hodge structure of
weight k + m;

(ii) the spectral sequence of (K•
C, F ) degenerates at E1; (equivalently,

the differential of the complex K•
C is strictly compatible with the

filtration F ).

Definition 4.2 ([HIII],[PS]). A Z-Hodge complex of sheaves on X of weight
m, where X is a topological space, is the given of the following:

1. A bounded below complex K•
Z of sheaves of Z-modules on X , such that

rankHk(X,K•
Z) <∞ ∀k.

2. A bounded below complex K•
Z of sheaves of C-vector spaces, equipped

with a decreasing filtration F and a comparison morphism

α : K•
Z ⊗ZX CX

∼−−→ K•
C,

which is an isomorphism in the derived category.

The data (K•
Z, (K•

C, F )) have to satisfy the following condition (Hodge completion
axiom for complexes of sheaves):

(HCS) (i) (Hk(X,K•
Z), (Hk(X,K•

C), F )) is an integral Hodge structure of weight
k + m;

(ii) the spectral sequence of (RΓ(X,K•
C), F ) degenerates at E1.

Remark 4.3. There is a natural relation between the two definitions:

(K•
Z, (K•

C, F ), α) functor���
RΓ(X,−)

(RΓ(X,K•
Z), (RΓ(X,K•

C), F ),RΓ(X, α))

because, by definition,

Hk(X,K•
Z) = HkRΓ(X,K•

Z),

K•
C

q. is.−−−−→ C•Gdm(K•
C)

and
RΓ(X,K•

C) = Γ(X, C•Gdm(K•
C)).

We recall here that Γ(X, C•Gdm(−)) is an exact functor, for the same reasons
why C•Gdm(−) is (see [G]).

Then RΓ(X,K•
C) is filtered by RΓ(X, F pK•

C).
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Remark 4.4. As in the case of mixed Hodge structures, we can define Q- (re-
spectively, R- or C-) Hodge complexes and complexes of sheaves by substituting
Z in the definition with Q (respectively, R or C).

Example. Let X be a complex compact Kähler manifold. The Hodge-De Rham
complex of sheaves on X is defined by

K•
DR(X) = (ZX [0], (Ω•

X , σ≥), CX [0]
q. is.−−−−→ Ω•

X).

(The inclusion CX [0] ↪→ Ω•
X is a quasi-isomorphism by the holomorphic Poin-

caré lemma.)
K•

DR(X) is a Z-Hodge complex of sheaves of weight 0. Let us verify the
axiom (HCS).

We have to prove that the filtration

F pHk(X, Ω•
X) := Im(Hk(X, σ≥pΩ•

X) −→ Hk(X, Ω•
X)))

is a Hodge filtration on Hk(X, Ω•
X). We will do it later, by showing that it

coincides with the usual Hodge filtration F p
H on H•

DR(X, C).
Let us consider the spectral sequence of (RΓ(X, Ω•

X), σ≥).

Ep,q
1 = Hp+q(X, Grσ≥

p Ω•
X) = Hp+q(X, ΩX

p [p]) = Hq(X, ΩX
p ) ∼= Hp,q(X),

the first element in the spectral sequence is isomorphic to the space of harmonic
(p, q)-forms.

Ep,q
∞ = GrF

p Hp+q(X, Ω•
X) = GrF

p Hp+q
DR (X, C).

As a consequence,∑
p+q=k

dim Ep,q
1 =

∑
p+q=k

dim Hp,q(X) = dimC Hk
DR(X, C) =

∑
p+q=k

dim Ep,q
∞ .

This implies that E1 and E∞ have the same dimension; hence, as for the
recursive property of the spectral sequence Er+1 is a subquotient of Er, the
spectral sequence itself degenerates at E1. This is equivalent to say that the
map

Hk(X, σ≥pΩ•
X) −→ Hk(X, Ω•

X)

is injective ∀k. Let us see why this is true in the simple case of a complex of
sheaves K• has only two non-trivial terms.

K• := {0 → K0 → K1 → 0},
σ≥1K• := {0 → 0 → K1 → 0}.

Then we have the exact sequence

0 −→ σ≥1K• −→ K• −→ K•/σ≥1K• −→ 0,
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where K•/σ≥1K• := {0 → K0 → 0 → 0}. The associated long exact sequence
is:

· · · �� Hq−1(X,K•/σ≥1K•) �� Hq(X, σ≥1K•)
(∗) �� Hq(X,K•) �� · · ·

Hq−1(K0)
d1 �� Hq−1(K1)

which implies that d1 = 0 if and only if that the map (∗) is injective.
If the complex K• is longer, then we can factorize the map on the hyperco-

homology by a chain of injective maps.

Hk(X, σ≥pΩ•
X) ��

injective

��

Hk(X, Ω•
X)

Hk(X, σ≥p+1Ω•
X)

injective
�� Hk(X, σ≥p+2Ω•

X)
injective

�� · · · · · ·
injective





E1 = E∞ implies

hp,k−p(X) := dimHp,k−p = dim Hk(X, σ≥pΩ•
X)− dim Hk(X, σ≥p+1Ω•

X)

(the dimension of the cohomology of the graded equals that of the graded of the
cohomology), and, eventually,

dim Hk(X, σ≥pΩ•
X) =

∑
r≥p

hr,k−r(X) = dim F p
HHk

DR(X, C),

where FH denotes the usual Hodge filtration on the De Rham cohomology.
We can prove now by induction the following

Claim.
F pHk(X, Ω•

X) = F p
HHk

DR(X, C) =:
⊕
r≥p

Hr,k−r(X).

Proof of claim. The claim holds for p = 0.
For p = 1, we have

F 1
HHk

DR(X, C) = ker(Hk
DR(X, C) −→ H0,k(X)) =

= ker(Hk(X, Ω•
X) −→ Hk(X,OX)) =

= ker(Hk(X, Ω•
X) −→ Hk(X, Ω•

X/σ≥1Ω•
X)),

||
Hk(X,OX [0])

where we have used both the De Rham and the Dolbeault isomorphisms (on
the two sides of the projection).

The long exact sequence splits into the exact sequence

0→ σ≥1Ω•
X → Ω•

X → Ω•
X/σ≥1Ω•

X → 0,
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which gives us
F 1

HHk
DR(X, C) = Hk(X, σ≥1Ω•

X).

This is no longer a mere identity of dimensions, but a genuine identity of
subspaces.

The general case p ≥ 2 is proved analogously.

Let us consider a triple (K•, F, d), where K• is a bounded below complex
with differential d : K• −→ K•+1, and F is a decreasing filtration.

Proposition 4.5. The following are equivalent:

1. the spectral sequence degenerates at E1;

2. the map Hk(F pK•) −→ Hk(K•) is injective ∀k ;

3. d is strictly compatible with the filtration F .

Proof. We proved the equivalence of (1) and (2). We give here a direct proof of
the equivalence of (3) and (2).

Let us consider the map Hk(F pK•) −→ Hk(K•) for some index k. Then
it is injective if and only if for all α ∈ F pKk such that α = dβ, β ∈ Kk−1,
there exists β′ ∈ F pKk−1 such that α = dβ′. This is precisely equivalent to
F pKk ∩ dKk−1 = d(F pKk−1).

Definition 4.6. Let K• = (K•
Z, (K•

C, F ), α) be a Z-Hodge complex of sheaves
of weight m on X .
Then for all n ∈ Z we define the n-th Tate twist of K•,

K•(n) = (K•
Z(n), (K•

C, F [n]), α)

by taking K•
Z(n) := (2πi)nK•

Z and the usual shifted filtration (F [n])p = F p+n.

The effect of the Tate twist on the hypercohomology of the complex is that
we have

Hk(X,K•
C(n)) = Hk(X,K•

C)(n) = Hk(X,K•
C)⊗C C(n),

where ⎧⎪⎪⎨
⎪⎪⎩

Z(n) := (2πi)nZ ⊂ C

C(n) :=
⊕

p,q∈Z

Hp,q, Hp,q :=
{

C if p = q = −n,
0 otherwise

is the Tate-Hodge structure on C of weight −2n.
This proves that K•(n) is a Z-Hodge complex of sheaves of weight m− 2n.

Definition 4.7. Let K• = (K•
Z, (K•

C, F ), α) be a Z-Hodge complex of sheaves
of weight m on X .
Then for all r ∈ Z we define the shift of K• by r as

K•[r] := (K•
Z[r], (K•

C[r], F ), α).

In this case Hk(X,K•
Z[r]) = Hk+r(X,K•

Z): K•[r] is a Z-Hodge complex of
sheaves of weight m + r.
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4.2 Integral mixed Hodge complex of sheaves

Definition 4.8 ([HIII],[PS]). A mixed Z-Hodge complex is the given of the
following:

1. A bounded below complex of Z-modules K•
Z, with rankHk(K•

Z) <∞.

2. A bounded below complex K•
Q of Q-vector spaces equipped with a increas-

ing filtration W and a comparison morphism

α : K•
Z ⊗Z Q

∼−−→ K•
Q,

which is an isomorphism in the derived category.

3. A bounded below complex K•
C of C-vector spaces equipped with an increas-

ing filtration W , a decreasing filtration F and a comparison morphism

β : (K•
Q, W )⊗Q C

∼−−→ (K•
C, W ),

which is a map in the derived category such that ∀m the induced map

GrW
m (β) : GrW

m (K•
Q)⊗Q C

∼−−→ GrW
m (K•

C)

is an isomorphism in the derived category.

The data (K•
Z, (K•

Q, W ), α, (K•
C, W, F ), β) have moreover to satisfy the following

condition:

(*) ∀m, (GrW
m (K•

Q), (GrW
m (K•

C), F ), GrW
m (β)) is a Q-Hodge complex of weight

m.

Definition 4.9 ([HIII],[PS]). A mixed Z-Hodge complex of sheaves on a topo-
logical space X is the given of the following:

1. A bounded below complex K•
Z of sheaves of Z-modules on X , such that

rankHk(X,K•
Z) <∞.

2. A bounded below complexK•
Q of sheaves of Q-vector spaces on X equipped

with a increasing filtration W and a comparison morphism

α : K•
Z ⊗ZX QX

∼−−→ K•
Q,

which is an isomorphism in the derived category.

3. A bounded below complex K•
C of sheaves of C-vector spaces on X equipped

with an increasing filtration W , a decreasing filtration F and a comparison
morphism

β : (K•
Q, W )⊗QX CX

∼−−→ (K•
C, W ),

which is a map in the derived category such that ∀m the induced map

GrW
m (β) : GrW

m (K•
Q)⊗QX CX

∼−−→ GrW
m (K•

C)

is an isomorphism in the derived category.
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The data (K•
Z, (K•

Q, W ), α, (K•
C, W, F ), β) have moreover to satisfy the following

condition:

(**) ∀m, (GrW
m (K•

Q), (GrW
m (K•

C), F ), GrW
m (β)) is a Q-Hodge complex of sheaves

of weight m.

Example. Let X be a compact Kähler manifold, and D ⊂ X a normal crossing
divisor. Then the Hodge-De Rham complex associated to (X, D) is

K•
DR(X log D) = (R•j∗ZX∗ , (R•j∗QX∗ , τ≤), α, (Ω•

X(log D), W, F ), β),

where X∗ = X −D, j : X∗ ↪→ X .
As was shown in section 3.1, the Poincaré residue map gives a map of triples:

(Grτ≤
m R•j∗QX∗ , (GrW

m Ω•
X(log D), F ), Grm(β))⏐⏐�Resm

((am)∗QD[m] [−m](−m), ((am)∗Ω•
D[m] [−m], F [−m]), CD[m] [0]

q. is.−−−−→ Ω•
D[m]).

constituted by maps that are isomorphisms in the derived category.
By Deligne’s results, the collection of data

(QD[m] [0], (Ω•
D[m] [0], F ), CD[m] [0]

q. is.−−−−→ Ω•
D[m])

is a Q-Hodge complex of sheaves of weight 0. (Recall that D[m] is compact
Kähler. This implies that GrW

m K•
DR(X log D) is a Q-Hodge complex of sheaves

of weight −m + 2m = m.

4.3 The fundamental theorem of Deligne

Theorem 4.10 (Deligne). Fundamental theorem.
Let (K•

Z, (K•
Q, W ), α, (K•

C, W, F ), β) be a mixed Z-Hodge complex of sheaves on
a topological space X. Pose

K•
Z := RΓ(K•

Z),
K•

Q := RΓ(K•
Q),

K•
C := RΓ(K•

C),

and denote again with F, W the induced filtrations and with α, β the induced
comparison morphisms. Then we have:

1. The triple (K•
Z, (K•

Q, W ), α, (K•
C, W, F ), β) is a mixed Z-Hodge complex.

2. The filtrations Dec W , defined as W [k] on the cohomology in degree k,
and F , induce a mixed Hodge structure on Hk(X,K•

Z). In fact we can say

(a) the filtration W [k] on Hk(X,K•
Q) and the filtration induced by F on

Hk(X,K•
C) define a mixed Hodge structure on Hk(X,K•

Z);
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(b) the first differential of the spectral sequence associated to (RΓ(X,K•
Q),

W ) is strictly compatible with the filtration induced by F on
E1(RΓ(X,K•

Q), W );

(c) the spectral sequence Er(RΓ(X,K•
Q), W ) degenerates at E2;

(d) the spectral sequence F Er associated to (RΓ(X,K•
C), F ),

F Ep,q
1 = Hp+q(X, Grp

F K•
C)⇒ Hp+q(X,K•

C),

degenerates at F E1. Equivalently,

Hk(X, F pK•
C) −→ Hk(X,K•

C)

is always injective, and

Grp
F Hk(X,K•

C) ∼= Hk(X, Grp
F K•

C).

(e) the spectral sequence Er(Grp
F RΓ(X,K•

C), W ) degenerates at E2.

3. Any morphism of mixed Hodge complexes of sheaves on X induces a mor-
phism of mixed Hodge structures on the hypercohomology groups.

Application. Let U be a smooth quasi-projective algebraic variety over C.
There exists an embedding U ↪→ X in a smooth projective variety X such that
X−U = D is a divisor with normal crossings on X . The Hodge-De Rham com-
plex of (X, D) is a mixed Hodge complex of sheaves, and its hypercohomology is
isomorphic to the cohomology H∗(U) of U (see section 4). Thus H∗(U) carries
an integral mixed Hodge structure.

4.3.1 Useful lemmas

We begin with some useful lemmas.
Remark 4.11. Let (A, F ) be a filtered object, and denote by X a subobject of
A.

1. The induced filtration on X as a subobject of A is defined by:

Fn(X) = j−1(Fn(A)) = X ∩ Fn(A),

where we are considering the immersion j : X ↪→ A.

2. Dually, the induced filtration on A/X as a subobject of A is defined by

Fn(A/X) = p(Fn(A)) = Fn(A)/(X ∩ Fn(A)),

where p denotes the projection p : A� A/X .
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Lemma 4.12 (Deligne, [HII]). Let (A, F ) be a filtered object. Suppose X ⊂
Y ⊂ A. Denote by ′F the filtration ′F on Y/X as subobject of a quotient of A,

(A, F )
A�A/X�� (A/X, F )

A/X↪→Y/X�� (Y/X,′ F ) ,

and by ′′F the filtration on Y/X as quotient of a subobject of A,

(A, F ) A↪→Y �� (Y, F )
A�A/X�� (Y/X,′′ F ) .

Then ′F =′′ F .

Lemma 4.13. Let (K•, F ) be a differential complex equipped with a biregular
filtration. Then the following are equivalent:

1. the differential dK of K• is strictly compatible with F , i.e., ∀p, n we have

dK(F p(Kn)) = Im(dK) ∩ F p(Kn+1).

2. ∀p, n, the sequence

0→ Hn(F p(K))→ Hn(K)→ Hn(K/F pK)→ 0

is exact

3. the spectral sequence Er(K•, F ) degenerates at E1.

For a proof, see [PS, Appendix A].

Lemma 4.14. Let L• be a differential complex with only 3 non-trivial terms,
filtered by W . Then the complex GrW

• (L•) is exact if and only if L• is exact
and the differential of L• is strictly compatible with W .

4.3.2 Comparison of the three filtrations

In the proof of the Fundamental Theorem we deal with a complex (K•, W, F ).
We consider the spectral sequence associated to (K•, W ) and we investigate
how F induces a filtration there. The situation is that there are 3 filtrations on
Er(K•, W ), induced by F in a canonical way.

Definition 4.15. Let us consider the exact sequence

0→ F pK• → K• → K•/F pK• → 0.

The filtered morphism (F pK•, W ) ↪→ (K•, W ) induces a map Er(F pK•, W )→
Er(K•, W ) which is injective for r = 0.

Dually, the filtered morphism (K•/F pK•, W ) � (K•, W ) induces a map
Er(K•/F pK•, W ) → Er(K•, W ) which is surjective for r = 0. The first direct
filtration IFd is defined by

IFdEr(K•, W ) = Im(Er(F pK•, W )→ Er(K•, W )).

The second direct filtration IIFd is defined by
IIFdEr(K•, W ) = ker(Er(K•, W )→ Er(K•/F pK•, W )).
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Remark 4.16. Recall that Ep,q
r = Zp,q

r /(Bp,q
r ∩ Zp,q

r ). Then IFd is the same as
the filtration obtained by considering Ep,q

r as a subquotient of (Kp+q, F ). As
the diagram

Zp,q
r

� � ��

��

Kp+q

��
Zp,q

r /(Bp,q
r ∩ Zp,q

r ) � � �� Kp+q/Bp,q
r

commutes, we have

Ep,q
r
∼= ker(Kp+q/Bp,q

r → Kp+q/(Zp,q
r + Bp,q

r )).

We see then that IIFd is the filtration obtained by considering Ep,q
r as a subob-

ject of a quotient of Kp+q.
The situation is a variation of that of Lemma 4.12. We have:

A

Z
� 	

������
B


 �


����

Z ∩B.

 �



			 � 	
�����

Our problem is that Z/(Z ∩B) ∼= (Z + B)/B is not a filtered isomorphism.
So the two subquotients of A are isomorphic but the induced filtration is in
general not the same. On the other hand, the map Z/(Z ∩ B) → (Z + B)/B
preserve the filtration. Then we know at least that one filtration is contained
in the other. In particular, we have IFd ⊂ IIFd.

Definition 4.17 (Deligne). The inductive filtration on Er(K•, W ) is the fil-
tration Fi defined as follows.

For r = 0, 1, the first and the second direct filtrations coincide by Lemma
4.12. We define

Fi(E0(K•, W )) := IFd(E0(K•, W )) = IIFd(E0(K•, W )).

For r ≥ 1 we use induction. Assume (Er(K•, W ), Fi) is known, and re-
call that Er+1(K•, W ) = H(Er(K•, W ), dr), so that Er+1(K•, W ) is a sub-
quotient of Er(K•, W ). Then (Er+1(K•, W ), Fi) is the filtration induced by
(Er(K•, W ), Fi) on the quotient.

Lemma 4.18 (Comparison of the three filtrations).

1. On E0, E1, IFd = IIFd = Fi.

2. ∀r <∞, IFd ⊂ Fi ⊂ IIFd.

3. Assume W is biregular. Then the filtration F on Ep,q
∞ induced by the

isomorphism Ep,q∞ ∼= GrW
−p Hp+q(K•) is related to IFd and IIFd on Ep,q∞

(defined by taking r sufficiently great) by

IFd(E∞) ⊂ F (E∞) ⊂ IIFd(E∞).
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Proof. (1) is a consequence of Lemma 4.12.
(2) Fix indices r < ∞, p, q, and take s ∈ Z. Then there exists a natural

inclusion αs : (F sK•, W ) ↪→ (K•, W ) that induces a morphism of spectral
sequences

Ep,q
r (αs) : Ep,q

r (F sK•, W ) −−−−→ Ep,q
r (K•, W )

dr

⏐⏐� dr

⏐⏐�
Ep+r,q−r+1

r (F sK•, W ) −−−−→ Ep+r,q−r+1
r (K•, W ).

The image of Ep,q
r (αs) coincides with IFdEp,q

r (K•, W ) by definition. For the
compatibility of Ep,q

r (αs) with the differentials the diagram

IFdE
p,q
r (K•, W ) � � ��

dr

��

Ep,q
r (K•, W )

dr

��
IFdEp+r,q−r+1

r (K•, W ) � � �� Ep+r,q−r+1
r (K•, W )

commutes, which means that dr is compatible with IFd.
The inclusion of complexes

(IF s
d Er(K•, W ), dr) ↪→ (Er(K•, W ), dr))

induces on cohomology the map

H(IF s
d Er(K•, W ), dr) −→ H(Er(K•, W ), dr) = Er+1(K•, W ).

This suggests to define a filtration (Er+1(K•, W ), IG) such that

IGsEr+1(K•, W ) := Im
(
H(IF s

d Er(K•, W ), dr) −→ H(Er(K•, W ), dr)
)
.

Claim.
IFdEr+1(K•, W ) ⊂ IGEr+1(K•, W ).

Proof of the claim. All maps in the diagram

ker
(
dr : Ep,q

r (F sK•, W ) −→ Ep+r,q−r+1
r (F sK•, W )

)
�� ��

Ep,q
r (αs)

��

Ep,q
r+1(F

sK•, W )
H(Ep,q

r (αs)
||

Ep,q
r+1(αs) ��

ker
(
dr : Ep,q

r (K•, W ) −→ Ep+r,q−r+1
r (K•, W )

)
�� �� Ep,q

r+1(K
•, W )

are well defined, because of the compatibility of IFd with differentials. The
equality H(Ep,q

r (αs)) = Ep,q
r+1(αs) is a consequence of the fact that α is compat-

ible with the spectral sequence, and hence also with its structure as an iteration
of cohomology. ker

(
dr : Ep,q

r (F sK•, W ) −→ Ep+r,q−r+1
r (F sK•, W )

)
is mapped

by Ep,q
r (αs) into the vector space
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IF s
d Ep,q

r (K•, W ) ∩ ker
(
dr : Ep,q

r (K•, W ) −→ Ep+r,q−r+1
r (K•, W )

)
,

whose image in Ep,q
r+1(K

•, W ) is by definition IGsEp,q
r+1(K

•, W ). As IF s
d coin-

cides with the image of αs, the claim follows from the commutativity of the
diagram above.

By a dual argument, we can define a filtration (Ep,q
r+1(K

•, W ), IIG) by

IIGsEp,q
r+1(K

•, W ) := Im
(
H(IIF s

d Ep,q
r (K•, W ), dr) −→ H(Ep,q

r (K•, W ), dr

)
.

With the same arguments as before, but reversing all arrows, we can show
also

IIGsEp,q
r+1(K

•, W ) ⊂ IIF s
d Ep,q

r+1(K
•, W ).

Now we are ready to prove (2) by induction. Let us define

P(r)⇔ IFdE
p,q
r (K•, W ) ⊂ FiE

p,q
r (K•, W ) ⊂ IIFdE

p,q
r (K•, W ).

From point (1) of this lemma we know that P(0) is true.
Assume now P(r). When we consider the cohomology of each term, we get

the following chain of inclusions (note that inclusions are preserved by functo-
riality):

IGEp,q
r+1(K

•, W ) ⊂ FiE
p,q
r+1(K

•, W ) ⊂ IIGEp,q
r+1(K

•, W )
∪ ∩

IFdE
p,q
r (K•, W ) IIFdE

p,q
r+1(K

•, W ).

Then also P(r + 1) holds.
(3) We study now the situation for r = ∞. Recall from the general theory

of spectral sequences that E∞ ∼= Er for r � 0 (because W is biregular) This
allows us to define the first and the second direct filtration on Ep,q

∞ (K•, W ), in
the

following way:

IF s
d Ep,q

∞ (K•, W ) = Im(Ep,q
∞ (F sK•, W ) −→ Ep,q

∞ (K•, W ));

IIF s
d Ep,q

∞ (K•, W ) = ker(Ep,q
∞ (K•, W ) −→ Ep,q

∞ (K•/F sK•, W )).

Another general result is

Ep,q
∞ (K•, W ) ∼= GrW

−p Hp+q(K•).

This gives us the filtration F , defined as follows. For every index n, the mor-
phism of complexes F sK• −→ K• induces a map Hn(F sK•) −→ Hn(K•) on
cohomology. Then

F sHn(K•) := Im(Hn(F sK•)→ Hn(K•))

and the filtered space (Hp+q(K•), F ) induces (Ep,q
∞ (K•, W ), F ), by considering

Ep,q
∞ (K•, W ) as a subquotient of Hp+q(K•).
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Let us consider again the inclusion (F sK•, F ) ↪→ (K•, F ). It induces a
natural map

(E∞(F sK•, W ), F ) −→ (E∞(F sK•, W ), F )

which is a filtered morphism. In particular, we have

F sE∞(F sK•, W ) �� E∞(F sK•, W )� �

��
E∞(F sK•, W ) ��

��







E∞(K•, W ),

so that

IF s
d E∞(K•, W ) = Im(E∞(F sK•, W ) −→ E∞(K•, W )) ⊂ F sE∞(K•, W ).

The inclusion F sE∞(K•, W ) ⊂ IIF s
d E∞(K•, W ) can be proved dually.

Theorem 4.19 (Deligne). Let (K•, W, F ) be a differential complex endowed
with 2 filtrations. In particular, suppose W to be biregular.

1. Suppose that for r = 0, 1, . . . , r0 the differentials dr of the spectral sequence
associated to W are strictly compatible with the inductive filtration. Then
the filtrations IFd,

IIFd, Fi coincide on E0, . . . , Er0+1.

2. Suppose that for all r the differentials dr are strictly compatible with the
inductive filtration on Er. Then the four filtrations IFd,

IIFd, F, Fi on E∞
coincide.

3. If we assume that ∀r ≥ 0 the differentials dr are strictly compatible with
the inductive filtration on Er, then Er(K•, F ) degenerates at E1 and

(Grp
F (Er(K•, W )), dr) ∼= (Er(Grp

F (K•, W ), dr)

∼= Er(F pK•, W )/Er(F p+1K•, W ).

Proof. (1) Let us consider ∀r = 0, 1, . . . the proposition

P(r)⇔ 0→ Er(F sK•, W )→ Er(K•, W )→ Er(K•/F s)→ 0 is exact ∀s ∈ Z.

P(0) holds, because on E0 all filtrations coincide. Assume next that P(r)
holds for some r, 0 ≤ r ≤ r0. This implies that the first and the second direct
filtrations coincide on Er(K•, W ), hence IFd = IIFd = Fi on Er(K•, W ) for
the Comparison Lemma (4.18). Denote this unique filtration by F . We have

Er(F sK•, W ) = F s(Er(K•, W ))
Er(K•/F sK•, W ) = Er(K•, W )/F sEr(K•, W ).
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By the compatibility of dr with the inductive filtration, we get by Lemma
4.13 the following exact sequence:

0
↓

H(F sEr(K•, W ), dr) = H(Er(F sK•, W ), dr) = Er+1(F sK•, W )
↓

H(Er(K•, W ), dr) = Er+1(K•, W )
↓

H(Er(K•, W )/F sEr(K•, W ), dr)= Er+1(K•/F sK•, W )
↓
0.

Then also P(r + 1) holds. Notice that the exactness of this sequence is a
stronger property that the mere equality between the three filtrations.

(2) Assume that ∀r ≥ 0, the differential dr(Er(K•, W )) is strictly compatible
with the inductive filtration Fi. We know that E∞(K•, W ) ∼= Er0(K•, W ) ∼=
Er+1(K•, W ) ∼= · · · for some index r0, because W is biregular. Then (1) implies
IFd = Fi = IIFd on E∞, and the claim follows from point (3) of the Comparison
Lemma (4.18).

(3) Let us consider a fixed integer r ≥ 0. By assumption, dr(Er(K•, W ) is
strictly compatible with Fi. By (1) the two direct filtrations and the inductive
filtration coincide on Er(K•, W ). Denote by F this unique filtration.

It is a general fact that then ∀p ≥ 0 also (F pK•, W, F ) satisfies our hypothe-
ses, and so does (K•/F p+1K•, W, F ). This follows from the following lemma,
whose proof is left as an exercise.

Lemma 4.20. Let (K•, W, F ) be a differential complex endowed with two fil-
trations. Then, if ∀r ≥ 0 the differential dr(K•, W ) is strictly compatible
with the inductive filtration induced by F on Er(K•, W ), we have also that
dr(F aK•/F bK•, W ) is strictly compatible ∀r ≥ 0 with the inductive filtration
on Er(F aK•/F bK•, W, F ), for any choice of a ≤ b.

This means that we can apply (1) to the exact sequence

0 −→ F p+1K• −→ F pK• −→ Grp
F K• −→ 0

to get

0 −→ Er(F p+1K•, W ) −→ Er(F pK•, W ) −→ Er(Grp
F K•, W ) −→ 0.

Analogously, from

0 −→ Grp
F K• −→ K•/F p+1K• −→ K•/F pK• −→ 0

we obtain

0 −→ Er(Grp
F K•, W ) −→ Er(K•/F p+1K•, W ) −→ Er(K•/F pK•, W ) −→ 0.

All this can be summarized by saying that the following diagram is commu-
tative, and that all its rows, columns and skew columns are exact.
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Diagram 4.21 (Deligne).

0

������������

0 Er(Grp
F K•, W )�� Er(F pK•, W )

β

������������ Er(F p+1K•, W )��
α

��






 0��

Er(K•, W )
α′

���������� β′

����������

0 ��Er(Grp
F K•, W ) ��Er(K•/F p+1K•, W )

��









��Er(K•/F pK•, W ) ��0

0

Let us extract some of the information provided by the diagram. First, by
its commutativity we obtain

Im β = IF p
d Er(K•, W )

∪
Im α = IF p+1

d Er(K•, W ) = F p+1Er(K•, W ).

In the second place, from the exactness of the first row we have

Er(Grp
F K•, W ) ∼= Er(F pK•, W )/Er(F p+1K•, W ),

and, from the injectivity of α and β,

Im α ∼= Er(F p+1K•, W ),

Im β ∼= Er(F pK•, W ).

All this relations together imply

Grp
F Er(K•, W ) = Im α/ Im β ∼= Er(Grp

F K•, W ).

Remark that also a dual point of view on the diagram is possible (taking into
account ker α′, kerβ′).

It remains to prove that Er(K•, F ) degenerates at E1. From point (1) we
know that for all 0� r <∞ the exact sequence

0 �� Er(F pK•, W ) �� Er(K•, W ) �� Er(K•/F pK•, W ) �� 0

0 �� E∞(F pK•, W ) �� E∞(K•, W ) �� E∞(K•/F pK•, W ) �� 0

0 �� GrW H(F pK•) �� GrW H(K•) �� GrW H(K•/F pK•) �� 0
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transforms into an exact sequence of complexes. Apply Lemma 4.14 to the
3-terms complex

{0 −→ H(F pK•) −→ H(K•) −→ H(K•/F pK•) −→ 0} (*)

filtered by W . Then the sequence (*) is exact and, by Lemma 4.13, the spectral
sequence Er(K•, F ) degenerates at E1.

4.3.3 Proof of the Deligne’s Fundamental Theorem (4.10).

(1) This is a consequence of the definitions. See also Remark 4.3.
(2a) is again a matter of definitions. Moreover, (2a) ⇒(3).
(2b) We want to prove that the first differential d1 of the spectral sequence

of the filtered complex (RΓ(X,K•
Q), W ) is strictly compatible with the filtration

induced by F .
As (GrW

−pK•
Q, (GrW

−pK•
C, F ), GrW

−p(β)) is a rational Hodge complex of sheaves
of weight −p, we have that F induces a Hodge structure of weight (p+q−p) = q
on E1(RΓ(X,K•

C), W ) = Hp+q(X, GrW
−pK•

C). Explicitly, the Hodge filtration on
Hp+q(X, GrW

−pK•
C) is

F iHp+q(X, GrW
−pK•

C) = Im
(
Hp+q(X, F i GrW

−pK•
C) −→ Hp+q(X, GrW

−pK•
C)

)
.

This is precisely the first direct filtration on E1(RΓ(X,K•
C), W ). Recall that on

E1 the first direct filtration coincides with the second and with the inductive
filtration.

We have that

d1 : Ep,q
1 (K•

C , W ) −→ Ep+1,q
1 (K•

C, W )

is compatible with the Hodge filtration F , because this coincides with the first
direct filtration, which is compatible with the differentials. Thus d1 is defined
over Q and preserves the Hodge filtration. Hence it is a morphism of Hodge
structures, which is automatically compatible with the Hodge filtration.

(2c) We want to prove that the spectral sequence Er(RΓ(Z,K•
Q), W ) degen-

erates at E2. This is a consequence of the following lemma.

Lemma 4.22. For r ≥ 0, the differentials dr of the spectral sequence Er(K•
C, W )

are strictly compatible with the inductive filtration. More precisely, dr = 0 for
r ≥ 2.

(2d) and (2e) are consequences of Theorem 4.19.

Proof of Lemma 4.22. For r = 0, we have E0(K•
C, W ) = GrW

−p Kp+q
C . Then the

claim follows from the fact that (GrW
−p K•

Q, (GrW
−p K•

C, F ), GrW
−p(β)) is a rational

Hodge complex.
For r = 1, the claim coincides with (2b) of Theorem 4.10.
For r ≥ 2, the situation is as follows. Since Ep,q

1 (K•
C, W ) is a Hodge struc-

ture of weight q, and d1 is a morphism of Hodge structures, the subquotient
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Ep,q
2 (K•

C, W ) endowed with the filtration Fi is a Hodge structure of weight q.
As d0 and d1 are strictly compatible with Fi, by Theorem 4.19 all filtrations
coincide on E2. In particular, Fi is compatible with d2, as the first and the
second direct filtrations are compatible with the differentials. The differential
d2 is also rationally defined, so

d2 : Ep,q
2 (K•

C, W ) −→ Ep+2,q−1
2 (K•

C, W )

is a morphism of Hodge structures. But the weight of Ep,q
2 (K•

C, W ) is q, while
the weight of Ep+2,q−1

2 (K•
C, W ) is q−1: then the only possibility for d2 is d2 = 0.

Analogous considerations can be applied to all Er with r ≥ 3.

References

[BT] R. Bott, L. W. Tu, Differential forms in algebraic topology, Springer-
Verlag, 1982.
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